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NON-ARCHIMEDEAN METRIC EXTENSION FOR SEMIPOSITIVE
LINE BUNDLES
YANBO FANG
Abstract. For a projective variety X defined over a non-Archimedean complete non-
trivially valued field k, and a semipositive metrized line bundle pL, φq over it, we establish
a metric extension result for sections of Lbn from a sub-variety Y to X. We form
normed section algebras from pL, φq and study their Berkovich spectra. To compare the
supremum algebra norm ~¨~φY and the quotient algebra norm ~¨~φ,X|Y on the restricted
section algebra V‚pLX|Y q, two different methods are used: one exploits the holomorphic
convexity of the spectrum, following an argument of Grauert; another relies on finiteness
properties of affinoid algebra norms.
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1. Introduction
Let k be a field, X be a projective scheme over Speck and L be an ample invertible
OX -module. Let Y be a closed subscheme of X and IY be the corresponding ideal sheaf.
Recall that Serre’s vanishing theorem (see for example [EGA, The´ore`me III.2.2.1]) asserts
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that there exists an integer nY such that
H1pX,IY b L
bnq “ t0u
for any integer n ě nY . Therefore the exact sequence of coherent OX-modules
0 // IY b L
bn // Lbn // pOX{IY q b L
bn // 0
induces a surjective k-linear map from H0pX,Lbnq to H0pX, pOX{IY q b L
bnq, which
coincides with the restriction map H0pX,Lbnq Ñ H0pY,L|bnY q if we identify H
0pY,L|bnY q
with H0pX, pOX{IY q bL
bnq. In other words, for any integer n ě nY , any global section
of L|bnY extends to a global section of L
bn. We denote by H0pY,Lbn
X|Y q the image vector
space of restriction map
H0pY,Lbn
X|Y q :“ ImagepH
0pX,Lbnq ÝÑ H0pY,L|bnY qq.
Assume that k is equipped with a complete absolute value |¨| and that L is equipped
with a continuous metric φ “ p|¨|φpxqqxPXan , which induces by tensor power a continuous
metric nφ on each Lbn, n P N. Suppose in addition that the schemes X and Y are
integral. Then the space of global sections H0pX,Lbnq is naturally equipped with a
supremum norm ‖¨‖nφ associated with nφ, defined as follows
@ s P H0pX,Lbnq, ‖s‖nφ :“ sup
xPXan
|spxq|nφpxq.
We denote by φ|Y the restriction of the metric φ on L|Y . A supremum norm ‖¨‖nφ|Y on
H0pY,L|bnY q is defined in a similar way. The metric extension problem compares the norm
‖¨‖nφ|Y to the quotient norm (denoted by ‖¨‖nφ,X|Y ) of ‖¨‖nφ induced by the restriction
map H0pX,Lbnq Ñ H0pX,L|bnY q with n P N, n ě nY . Note that by definition we always
have ‖¨‖nφ,X|Y ě ‖¨‖nφ|Y on H
0pY,Lbn
X|Y q. Therefore the metric extension problem can be
interpreted as finding a uniform upper bound for
(1) inf
sPH0pX,Lbnq
s|Y “t
‖s‖nφ
‖t‖nφ|Y
, t P H0pY,L|bnY qzt0u.
In the complex analytic setting, namely when pk, |¨|q is C equipped with the usual
absolute value, the metric extension problem has been studied by different authors using
various approaches. Assume that the metric φ is strictly positive (namely, for any local
section s of L over an open subscheme U of X, the function px P Uanq ÞÑ log |spxq|φ is
strongly plurisubharmonic). In the case where X is smooth, by Gromov’s theorem we can
compare the sup norm ‖¨‖nφ to the L
2 norm ‖¨‖nφ,L2 defined as
@ s P H0pX,Lbnq, ‖s‖nφ,L2 :“
ˆż
Xan
|spxq|nφpxqdV
˙1
2
,
where dV is a probability measure on Xan which is locally equivalent with Lebesgue
measure with a smooth Radon-Nikodym density. Therefore, in the case where X and
Y are both smooth, we can apply the Andreotti-Vesentini-Ho¨mander’s L2 technique or
L2-extension theorems of Ohsawa-Takegoshi type [OT87] and get an inequality (see for
example [Tia90] and [Man93])
(2) ‖¨‖nφ|Y ě C
1pφ, Y,Xqn´d‖¨‖nφ,X|Y , n ě nY ,
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where C 1pφ, Y,Xq is a positive constant. Alternatively, one can apply Grauert’s argument
of pseudo-convexity of the (open) dual unit disc bundle of pL, φq to produce, for any ǫ ą 0,
a slightly weaker inequality of the form
(3) ‖¨‖nφ|Y ě Cǫpφ, Y,Xqe
´ǫn‖¨‖nφ,X|Y , n ě nY ,
where Cǫpφ, Y,Xq are is a positive constant depending on ǫ. We refer to [Bos01] and
[Ran06] for more details.
Note that, to obtain an estimate of the form (3) for any closed point Y , the semiposi-
tivity of the metric φ is actually necessary. In fact, for sufficiently positive integer n, the
ample invertible OX -module determines a closed embedding ιn : X Ñ PpH
0pX,Lbnqq.
The norm ‖¨‖nφ on H
0pX,Lbnq defines a Fubini-Study metric on the universal invertible
sheaf of the projective space H0pX,Lbnq. Denote by φn the continuous metric on L
the n-th tensor power of which identifies with the restriction of the Fubini-Study metric.
Then the estimate (3) in the case where Y is a single closed point txu implies that the se-
quence of norms |¨|φnpxq converges to |¨|φpxq. Moreover, it can be shown the subsequence
p|¨|φ2m pxqqmPN is decreasing. Therefore, the semipositivity of Fubini-Study metrics implies
that of the metric φ.
The problem of metric extension has various applications, not only in complex analytic
geometry, but also in Arakelov geometry. It is a key ingredient in the proof of the
arithmetic Hilbert-Samuel theorem, see [AB95]. It has also been applied in the proof of
Nakai-Moishezon criterion of arithmetic ampleness, cf. [Zha95], see also [Mor11].
From the adelic point of view of Arakelov geometry, one can replace the integral models
of arithmetic objects by a family of Berkovich analytic objects (possibly equipped with
metrics) parametrised by the set of finite places of a number field. The advantage of the
adelic approach consists in treating all places of a number field in a uniform way. This
motivates the research of the non-Archimedean analogue of notions and results in complex
analytic geometry. It turns out that many usual analytic tools (such as L2 estimates) do
not work well in the non-Archimedean setting, and often new ideas are needed to develop
the non-Archimedean analogue of complex analytic geometry and to unify the arguments
in both settings.
In this article we undertake a study of the metric extension problem in (1) in the non-
Archimedean analytic setting. Various notions of semipositivity of a metric have been
proposed (see §3.1 12.), we adopt the one as being a uniform limit of Fubini-Study met-
rics. We establish the following result (see Theorem 4.5, Theorem 5.11), which improves
considerably the metric extension theorem of [CMor18].
Theorem 1.1. Let φ be an asymptotic Fubini-Study metric on L. Then for any ǫ ą 0,
there exists nY P N such that, for any n ě nY and any tn P H
0pY,L|bnY q, there exits
sn P VnpLq such that sn|Y “ tn and
‖sn‖nφ ď e
nǫ ¨ ‖tn‖nφ|Y
We mimic Grauert’s argument as in [Bos01] and in [Ran06], though some parts of the
argument require adaptations. On the restricted section algebra, namely
V‚pLX|Y q :“
à
nPN
H0pY,Lbn
X|Y q “ ImagepV‚pLq ÝÑ V‚pL|Y qq,
we gather all norms on graded pieces together, to have two algebra norms defined as
follows
@t “ ptnqnPN P V‚pLX|Y q, ~t~φ|Y :“ sup
nPN
‖tn‖nφ|Y , ~t~φ,X|Y :“ sup
nPN
‖tn‖nφ,X|Y ,
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respectively. After completion with respect to these algebra norms, we get two commu-
tative Banach algebras pV‚pLX|Y , φ|Y q and pV‚pLX|Y , φX|Y q. The geometry of Berkovich
spectra of these Banach algebras are studied in §3. They are intimately related to the
dual unit disc bundle of L with respect to the Fubini-Study envelop metric Ppφq. It turns
out that when φ is semipositive (more precisely, when φ is asymptotic Fubini-Study), the
spectral seminorm of ~¨~φ,X|Y is ~¨~φ|Y , and the two spectra coincide. This already per-
mits us to reprove a statement of metric extension of Chen-Moriwaki in the non-trivial
valuation case ([CMor18, Theorem 0.1], see Theorem 3.28). Note that since we equip
V‚pLX|Y q with Banach algebra norms instead of Fre´chet algebra seminorms as used in
[Bos01][Ran06], the spectrum gives rise to closed dual unit disc bundle D
_
pL|Y ,Ppφq|Y q
rather than the open dual disc bundle.
There are two independent methods to compare these two algebra norms. The geomet-
ric method in §4 exploits the holomorphic convexity of the aforementioned spectrum, and
uses holomorphic functional calculus in non-Archimedean commutative Banach algebras,
to construct a (continuous) Banach algebra homomorphism from pV‚pLX|Y , φX|Y q to some
perturbed version of pV‚pLX|Y , φ|Y q. This construction is analogous to the use of Grauert’s
vanishing theorem along with pseuodo-convexity to get continuous map between Fre´chet
seminormed coherent analytic sheaves in the C-analytic setting. In §5 we present an al-
gebraic method with an extra assumption that pk, |¨|q is discretely valued. The analytic
convexity enters only in the semi-positivity of the continuous metric, equivalently the
uniform approximation by Fubini-Study metrics. For φ being a Fubini-Study metric, we
show directly by a delicate calculation that the two Banach algebra norms are affinoid
algebra norms, which possesses strong finiteness property to give a uniform upper bound.
The exact calculation depends heavily on the existence of a non-Archimedean orthogonal
basis. We are unaware of any analogue of this affinoid algebra technique in the C-analytic
setting, but it seems plausible to compare this with the use of Ohsawa-Takegoshi L2
extension theorem (see Remark 5.10).
Note that our proof gives a sub-exponential upper bound as in (3). Whether the
polynomial bound of (2) is obtainable in the non-Archimedean setting remains unexplored.
It seems to us that the commutative Banach algebra techniques that we used here are
insufficient to ameliorate the bound. We would like also to metion the recent work [MP17]
which gives the hope of carrying out directly Grauert’s argument as in [Bos01] for the
metric extension problem in the non-Archimedean setting.
2. Reminders on ultrametric functional analysis
In this section, one recalls some facts about functional analysis concerning normed vec-
tor spaces and normed algebras over a complete non-Archimedean valued field, following
[Ber], [BGR], [FvdP] and [Tem15]. Besides the well-known ones, results in §2.1.2, §2.2.4,
§2.3.3 and §2.4 are most relevant to our construction.
Throughout the section, one fixes a field k equipped with a non-Archimedean and non-
trivial absolute value |¨| and we assume that k equipped with the topology defined by the
absolute value is complete. Denote by k˝ the valuation ring of pk, |¨|q, by k˝˝ the maximal
ideal of k˝, and by rk the residual field k˝{k˝˝. Denote by Hpk, |¨|q the Q-vector subspace
of R generated by the set of numbers log|kˆ|, and by α the quotient map of Q-vector
spaces R Ñ R{Hpk, |¨|q. One says that n real numbers tp1, . . . , pnu are Q-independent
in R{Hpk, |¨|q if the vectors tαpp1q, . . . , αppnqu are Q-linearly independent in R{Hpk, |¨|q.
Unless specified, all k-algebras are supposed to be commutative unitary (with 0 ‰ 1) and
by convention all homomorphism of k-algebras are supposed to preserve the units.
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2.1. Seminormed vector spaces.
2.1.1. Basic constructions. Let V be a vector space over k. By seminorm on V , we refer
to a map ‖¨‖ : V Ñ Rě0 such that ‖ax‖ “ |a| ¨ ‖x‖ for any pa, xq P k ˆ V and that
‖x` y‖ ď ‖x‖ ` ‖y‖ for any px, yq P V ˆ V . The couple pV, ‖¨‖q is called a seminormed
vector space over k. If in addition ‖¨‖ takes positive values on V z0, we say that ‖¨‖ is
a norm on V and that pV, ‖¨‖q is a normed vector space. Denote by np‖¨‖q the inverse
image of t0u by ‖¨‖. It can be shown that np‖¨‖q is a closed vector subspace of V , called
the null space of ‖¨‖. Note that there exists a unique norm on V {np‖¨‖q, the composition
of which with the projection map V Ñ V {np‖¨‖q identifies with the seminorm ‖¨‖. Call
this norm the induced norm of ‖¨‖.
Let pV, ‖¨‖q be a seminormed vector space over k. If the strong triangle inequality holds
for the seminorm ‖¨‖, namely ‖x`y‖ ď maxp‖x‖, ‖y‖q for any px, yq P V ˆV , we say that
the seminorm is ultrametric. Note that if a seminorm is ultra-metric, then the inequality
becomes an equality whenever ‖x‖ ‰ ‖y‖.
We say that a seminormed (resp. normed) vector space pV, ‖¨‖q is complete, or ‖¨‖ is
a complete seminorm (resp. complete norm) on V , if any Cauchy sequence in V with
respect to the seminorm ‖¨‖ admits a limit. A complete normed vector space over k is
called a Banach space over k. Any finite-dimensional normed space pV, ‖¨‖q is complete.
([Bou, 1.2.3 Theorem 2])
Let pV, ‖¨‖V q be a seminormed vector space over k. Let
rVc be the vector space of all
Cauchy sequences in V with respect to ‖¨‖V . We define a seminorm ‖¨‖c on
rVc which
sends any Cauchy sequence tviuiPN to limiÑ`8‖vi‖V . Denote by Vc the quotient vector
space Vc{np‖¨‖cq. Then the vector space Vc equipped with the norm induced by ‖¨‖c forms
a Banach space over k, called the separated completion of pV, ‖¨‖q. Tautologically it can
be shown that this Banach space is canonically isomorphic to the completion of V {np‖¨‖q
equipped with the quotient norm induced by the seminorm ‖¨‖.
Definition 2.1. Let ‖¨‖1 and ‖¨‖2 be seminorms on V . We say that ‖¨‖1 and ‖¨‖2 are
equivalent if there exist two constants C1 ą 0 and C2 ą 0 such that C1‖¨‖1 ď ‖¨‖2 ď
C2‖¨‖1. Note that this condition holds if and only if the seminorms ‖¨‖1 and ‖¨‖2 induce
the same topology on the vector space V ([Bou, Corollaire I.3.3.1])(note that the absolute
value |¨| is supposed to be non-trivial).
Definition 2.2. Let pV, ‖¨‖q be a seminormed vector space over k. If W is a vector
subspace of V , then map px PW q ÞÑ ‖x‖ defines a seminorm on W , called the restriction
of ‖¨‖ on W . If Q is a quotient vector space of V and π : V Ñ Q is the quotient map,
then the map pq P Qq ÞÑ infxPπ´1ptquq‖x‖ defines a seminorm on Q, called the quotient of
‖¨‖ on Q.
Definition 2.3. Let pV, ‖¨‖V q and pW, ‖¨‖W q be seminormed vector spaces over k, and
f : V ÑW be a k-linear map. We say that f is bounded if there exists a constant C ą 0
such that ‖fpxq‖W ď C‖x‖V for any x P V . Note that this condition holds if and only
if f is continuous with respect to the topologies on V and W induced by the seminorms
‖¨‖V and ‖¨‖W respectively. We say that f is admissible if it is bounded and if on the
image of f , the quotient seminorm of ‖¨‖V and the restriction of ‖¨‖W are equivalent.
We recall below several fundamental results in functional analysis and refer to [Bou,
Theorem 1.3.3.1, Corollary 1.3.3.1, 1.3.3.2, 1.3.3.5] for more details.
Theorem 2.4. Let pV, ‖¨‖V q and pW, ‖¨‖W q be Banach spaces over k, and f : V ÑW be
a k-linear map.
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(1) The k-linear map f is bounded if and only if its graph in V ˆW is closed under
the product topology.
(2) Assume that f is bounded and surjective, then f is an open map. In particular,
the quotient norm of ‖¨‖V on W is equivalent to ‖¨‖W .
(3) Assume that f is bounded and injective, then fpV q is closed in W .
Theorem 2.5. Let V be a vector space over k and ‖¨‖1 and ‖¨‖2 be complete norms
on V . If there exists C ą 0 such that ‖¨‖2 ď C‖¨‖1, then the norms ‖¨‖1 and ‖¨‖2 are
equivalent.
Using this norm equivalence theorem for Banach spaces over k, we have immediately
the following
Corollary 2.6. Let pV, ‖¨‖V q and pW, ‖¨‖W q be Banach spaces over k, and f : V Ñ W
be a bounded k-linear map with closed image. Then f is admissible.
Definition 2.7. Let pV, ‖¨‖q be a finite-dimensional normed vector space. The dual norm
of ‖¨‖_ on the dual vector space V _ is defined by
@ℓ P V _, ‖ℓ‖_ :“ sup
vPV zt0u
|ℓpvq|
‖v‖
.
Remark 2.8. The norm ‖¨‖_ is ultrametric, and ‖¨‖__ “ ‖¨‖ if and only if ‖¨‖ is ultra-
metric. ([CMor18, Section 2.2.3])
Definition 2.9. Let pV, ‖¨‖q be a normed vector space. Let pk1, |¨|1q be a complete
valued field extension of pk, |¨|q. Set Vk1 to be V bk k
1, which can be identified with
HomkpHomkpV, kq, k
1q. The norm
@v1 P Vk1, ‖v
1‖k1 :“ sup
! |pℓb 1qpv1q|1
‖ℓ‖_
, ℓ P V _
)
defined via this identification is called the scalar extension of ‖¨‖.
Remark 2.10. If ‖¨‖ is ultrametric, then ‖¨‖k1 is the largest ultrametric norm on Vk1
extending ‖¨‖. ([CMor18, Definition 2.4])
Lemma 2.11. Let f : V Ñ W be a surjective k-linear map of finite-dimensional vector
spaces, with dimkW “ 1. Let ‖¨‖V be a norm on V and let ‖¨‖W be its quotient norm
for f . Then the norm ‖¨‖W,k1 identifies with the quotient norm of ‖¨‖V,k1 induced by the
surjective k1-linear map f b idk1 : Vk1 ÑWk1 . ([CMor18, Lemma 2.5])
2.1.2. Orthogonal basis.
Definition 2.12. Let pV, ‖¨‖q be a finite-dimensional normed vector space over k. A basis
teiuiPt1,...,nu of V is called orthogonal (with respect to ‖¨‖) if
@pc1, . . . , crq P k
n,
››› ÿ
iPt1,...,nu
ciei
››› “ max
iPt1,...,nu
‖ciei‖
Moreover, it is said to be orthonormal if in addition ‖ei‖ “ 1 for all i P t1, . . . ,nu.
Lemma 2.13. Let pV, ‖¨‖q be a finite-dimensional ultrametrically normed vector space
over k. If tviuiPt1,...,nu is a finite set of elements of V such that t‖vi‖uiPt1,...,nu are disctinct
in R`. Then ‖
ř
iPt1,...,nu vi‖ “ maxiPt1,...,nu‖vi‖.
Proof. If n “ 2, this is clear from the ultra-metric inequality. For general n an induction
argument shows the equality. 
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Corollary 2.14. Let pV, ‖¨‖V q be a finite-dimensional ultrametrically normed vector
space over k. Suppose that pk, | ¨ |q is discretely valued. If teiuiPt1,...,nu is a basis of
V such that tlog‖ei‖uiPt1,...,nu are Q-independent in R{Hpk, |¨|q, then teiuiPt1,...,nu is an
orthogonal basis.
Proof. For any f “ pf1, . . . , fnq P pk
ˆqn, the numbers t|fi|‖ei‖uiPt1,...,ru are distinct, oth-
erwise there exist i, j P t1, . . . ,nu, i ‰ j such that
log‖ei‖´ log‖ej‖ “ log
ˇˇˇ
fi
fj
ˇˇˇ
P log|kˆ|
which contradicts the assumption of Q-independence. Hence››› ÿ
iPt1,...,nu
fiei
››› “ max
0ďiďn
‖fiei‖
by Lemma 2.13. 
Proposition 2.15. Let pV, ‖¨‖V q be a finite-dimensional ultrametrically normed vector
space over k. Suppose that pk, |¨|q is discretely valued. Then there exists an orthogonal
basis for pV, ‖¨‖q. ([BMPS, Proposition 2.5])
2.2. Banach algebra.
2.2.1. Basic constructions.
Definition 2.16. Let A be a k-algebra (the unit of which is denoted by 1) and ‖¨‖ be a
seminorm on A (viewed as a vector space over k).
(1) The seminorm ‖¨‖ is said to be sub-multiplicative if for any pa, bq P AˆA one has
‖ab‖ ď ‖a‖ ¨ ‖b‖.
(2) The seminorm ‖¨‖ is called power-multiplicative if ‖an‖ “ ‖a‖n for any a P A and
any n P Nzt0u.
(3) The seminorm ‖¨‖ is called multiplicative if ‖ab‖ “ ‖a‖ ¨ ‖b‖ for any pa, bq P A2.
A k-algebra seminorm (resp. k-algebra norm) on A is defined to be a sub-multiplicative
seminorm (resp. sub-multiplicative norm) ‖¨‖ on A such that ‖1‖ “ 1. We denote by ~¨~
an algebra seminorm. Any k-algebra equipped with a complete k-algebra norm is called
a Banach k-algebra.
We use calligraphic letters to denote Banach algebras and Banach modules (defined
below) and use the corresponding capital letters to denote the underlying k-algebra or
the underlying module of a k-algebra. For example, a Banach k-algebra pA,~¨~q is denoted
by A. If A1 is a sub-k-algebra of A, then the restriction of ~¨~ on A1 is a k-algebra norm. If
this norm is complete, we say that A1 (A1 equipped with the restricted norm) is a Banach
k-sub-algebra of A. Similarly, if Q is a quotient k-algebra of A, then the quotient of the
norm ~¨~ on Q is a sub-multiplicative seminorm. If it is a complete norm, we say that Q
(Q equipped with the quotient norm) is a Banach quotient k-algebra of A.
Example 2.17. Let A be a Banach k-algebra. The Tate k-Banach algebra over A of
multiradius r “ pr1, . . . , rnq P pR`q
N is the algebra over k! ÿ
JPNn
aJT
J , aJ P A and lim
|J |Ñ8
~aJ~ ¨ r
J “ 0
)
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(for J “ pj1, . . . , jnq P N
n, we denote
ś
iPt1,...,nu T
ji
i by T
J and
ś
iPt1,...,nu r
ji
i by r
J) with
a complete k-algebra norm defined by ÿ
JPNn
aJT
J

TAprq
:“ sup
J
~aJ~ ¨ r
J
This Banach algebra is denoted by Atr´11 T1, . . . , r
´1
n Tnu, and is called an A-Tate algebra
of multiradius r.
Definition 2.18. Let A1,A2 be two Banach k-algebras, and φ : A1 Ñ A2 be a homo-
morphism of k-algebras. We say that φ is a homomorphism of Banach k-algebras if it is
bounded as a k-linear map. A homomorphism of Banach k-algebra φ is often denoted
by φ : A1 Ñ A2. A homomorphism of Banach k-algebra φ is called an isomorphism of
Banach k-algebras if there exists a homomorphism of Banach k-algebras ψ : A2 Ñ A1
such that φ ˝ ψ “ IdA2 and ψ ˝ φ “ IdA1 .
2.2.2. Spectrum. Let A “ pA,~¨~q be a Banach k-algebra. Let ~¨~1 be a k-algebra semi-
norm on A. One says that ~¨~1 is bounded (with respect to A) if there exists C ą 0 such
that ~¨~1 ď C~¨~. Its null-space is a closed ideal I of A; the quotient k-algebra norm
of ~¨~1 on the quotient k-algebra A{I is bounded with respect to the quotient k-algebra
norm of ~¨~. ([Ber, Remark 1.2.2.i])
Definition 2.19. Let A be a k-Banach algebra. The Berkovich spectrum MpAq is the
following topological space: the points, denoted by z, are bounded multiplicative k-algebra
seminorms ~¨~z on A, and the topology is the weakest topology on this set of points, for
which all Rě0-valued functions of the form z ÞÑ ~f~z are continuous for any f P A.
This topology is called the canonical topology. For any subset V of MpAq, we denote by
InttoppV q the topological interior of V . This topological interior is to be compared with
the notion of interior of an affinoid subdomain in an affinoid domain (see [Ber, Definition
2.5.7]), which we do not use in this article.
Remark 2.20. A basis for the canonical topology constituting of open sets is given by
basic open sets, which are sets of the form
Upf ; p, qq :“ tz PMpAq : p ă |f |z ă qu
indexed by pp, qq P R2 and f P A. A general open set is a union of finite intersections of
basic open sets.
Proposition 2.21. Let A be a k-Banach algebra. Then MpAq is a non-empty compact
Hausdorff topological space. ([Ber, Theorem 1.2.1])
For any point z PMpAq, let pz be the closed ideal np~¨~zq of A which is a prime ideal,
and fpzq be the image of f in the quotient k-algebra A{pz. The residual field at z is
defined to be the fraction field of A{pz , denoted by κpzq, it is equipped with a quotient
norm |¨|z of ~¨~z, which becomes an absolute value on κpxq extending |¨| on k. The
completed residual field at z is defined to be the completion of |¨|z with respect to this
quotient norm |¨|z, denoted as pκpzq. The canonical homomorphism of k-algebra from A
to ppκpzq, |¨|zq is denoted by χz. It is a homomorphism of Banach k-algebras.
Definition 2.22. Let A be a Banach k-algebra. A character χ of A is a homomorphism
of Banach k-algebra from A to some complete valued field extension pK, |¨|Kq of pk, |¨|kq.
Two characters χ1 : A Ñ pK1, |¨|K1q and χ2 : A Ñ pK2, |¨|K2q are said to be equivalent
if there exist a character χ : A Ñ pK, |¨|Kq and valued field extensions ι1 : K Ñ K1
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and ι2 : K Ñ K2 which preserve norms such that χ “ i1 ˝ χ1 “ i2 ˝ χ2. Let rχs be the
equivalence class of χ.
Lemma 2.23. The set of points of MpAq is in canonical bijection with the set of equiv-
alence classes of characters on A. This bijection sends z P MpAq to rχzs. ([Ber, Remark
1.2.2.ii])
Definition 2.24. TheGelfand transform of A is the homomorphism of Banach k-algebras
p: AÑ ź
zPMpAq
κˆpzq, f ÞÑ pf “ pfpzqqzPMpAq
Proposition 2.25. An element f P A is invertible if and only if fpzq ‰ 0 for any
z PMpAq. ([Ber, Corollary 1.2.4])
2.2.3. Continuous map.
Proposition 2.26. Let φ : A1 Ñ A2 be a homomorphism of Banach k-algebras. It in-
duces a continuous map φ‹ : MpA2q ÑMpA1q by sending an equivalent class of characters
rχs of A2 to the class of characters rχ ˝ ψs of A1. ([Ber, Remark 1.2.2 (iii)])
Lemma 2.27. If φ : A1 Ñ A2 is a homomorphism of Banach k-algebras with dense
image, then φ‹ is an injective map whose image is closed.
Proof. The map φ‹ is injective since for any two characters χ1, χ2 : A2 Ñ K, if χ1 ˝ φ “
χ2 ˝ φ, then the restriction of χ1 and χ2 on the image of φ are equal, hence the two
characters are equal by the density of image.
Let pz, |¨|zq P MpA1q which is not in the image of φ
‹, then kerpφq Ę pz: otherwise the
character A1{ kerpφq Ñ κˆpzq extends to a character A2 Ñ κˆpzq by the density of image
of φ. Now there exists f P kerpφqzpz , so |f |z ‰ 0. For small enough ǫ ą 0, the basic open
set Upf ; |f |z ´ ǫ, |f |z ` ǫq ĂMpA1q is a neighbourhood of pz, |¨|zq which is not contained
in the image of φ‹. So the image of φ‹ is a closed subset in MpA1q. 
2.2.4. Spectral seminorm.
Definition 2.28. The spectral algebra seminorm ~¨~sp of an algebra seminorm ~¨~ on a
k-algebra A is the one defined by
@f P A, ~f~sp :“ lim
nÑ8
~fn~
1
n .
Note that the triangle inequality for ~¨~sp follows from sub-multiplicativity of ~¨~. In
general, ~¨~sp is only a seminorm even if ~¨~ is a norm.
Remark 2.29. The existence of limit is guaranteed by the (multiplicative) Fekete lemma
for the sub-multiplicative sequence t~fn~unPN. The spectral seminorm is sub-multiplicative,
and is bounded by the original seminorm ~¨~. Moreover, it is power-multiplicative by con-
struction.
Proposition 2.30. Let A be a k-Banach algebra. For any f P A, one has ([Ber, Theorem
1.3.1])
~f~sp “ max
zPMpAq
|f |z
Definition 2.31. Let A be a Banach k-algebra. The radical of A is the null-space of its
spectral seminorm np~¨~spq. A Banach k-algebra with radical equal to t0u is called semi-
simple. Elements in the radical are said to be quasi-nilpotent (or topological nilpotent).
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Remark 2.32. The radical of A contains the nil-radical of A; in other words, nilpotent
elemtents are quasi-nilpotent. If A is semi-simple, then A is reduced. The converse may
not be true.
Let A “ pA,~¨~q be a k-Banach algebra. The spectral seminorm ~¨~sp defines a
quotient norm on the quotient k-algebra A{radpAq, still denoted by ~¨~sp. The quotient
norm ~¨~sp is bounded by the quotient norm of ~¨~. The uniformization A
u of A is defined
to be the Banach k-algebra of separated completion of pA{radpAq,~¨~spq. Conversely, if
~¨~ is a power-multiplicative Banach algebra norm on A with radical t0u, then it is said
to be uniform.
Obviously, ~¨~sp is bounded by ~¨~. It is important to note that the converse may not
be true in general. In other words, ~¨~sp may not be complete on A{radpAq. Yet one
still has the following statement
Proposition 2.33. MpAq is canonically homeomorphic toMpAuq. ([Ber, Corollary 1.3.3,
1.3.4])
2.2.5. Banach module. One can also consider seminorms on modules over Banach algebra.
Let A be a Banach k-algebra. A (semi)normed A-module is defined to be an A-moduleM
with a (semi)norm ‖¨‖ such that pM, ‖¨‖q is a (semi)normed vector space over k (denoted
by M), and that the multiplication is bounded, in the sense that there exists C ą 0 such
that
@a P A, @m PM, ‖a ¨m‖ ď C~a~ ¨ ‖m‖
One calls a Banach A-module a normed A-module pM, ‖¨‖q whose norm is complete.
Let M1 “ pM1, ‖¨‖1q, M2 “ pM2, ‖¨‖2q be Banach A-modules and φ : M1 Ñ M2 be
a homomorphism of A-modules. It is called bounded if there exists C ą 0 such that
‖φpm1q‖2 ď C‖m1‖1 for any m1 P M1. In this case φ is said to be a homomorphism of
Banach A-modules, and is denoted by φ : M1 Ñ M2. In addition, the homomorphism
φ of Banach A-modules is called admissible if it is admissible as linear map between
normed-vector spaces over k.
Definition 2.34. LetM be a Banach A-module. It is called a Banach finite A-module if
there exists l P N` and a surjective homomorphism of Banach A-modulesA
‘l ÑM where
A‘l is the Banach A-module corresponding to the A-module A‘l equipped with the norm
pa1, . . . , alq ÞÑ max~ai~. (Note that such a homomorphism is necessarily admissible.)
Proposition 2.35. Let A be a Banach k-algebra and M be a Banach A-module. If A
is Noetherian as a k-algebra and M is finitely generated as A-module, then any A-sub-
module of M is closed, and M is a Banach finite A-module. ([FvdP, Lemma 1.2.3]
Definition 2.36. Let φ : A1 Ñ A2 be a homomorphism between Banach k-algebras. It
is called Banach finite if A2 is a Banach finite A1-module. In this case A2 is called a
Banach finite A1-algebra.
Remark 2.37. If a k-Banach algebra homomorphism φ is finite as homomorphism of k-
algebra, and A1 is Noetherian, then φ is automatically Banach finite: there is a surjective
A1-module homomorphism p : A
‘n
1 Ñ A2, by Proposition 2.35 kerppq is closed. Then p
is continuous hence is admissible by Corollary 2.5. So A2 is a Banach finite A1-module.
2.3. Affinoid algebras.
Affinoid algebras is a special kind of k-Banach algebras possessing good finiteness prop-
erties. These features allows one to endow a locally ringed space structure on their
NON-ARCHIMEDEAN METRIC EXTENSION FOR SEMIPOSITIVE LINE BUNDLES 11
Berkovich spectra, namely the affinoid spaces. As a consequence, the Banach algebra
norm of an affinoid algebra is equivalent to its spectral seminorm whenever the later is
actually a norm.
2.3.1. Basic constructions. Affinoid algebras are k-Banach algebras that are quotient alge-
bras of Tate algebras. Among them are strict affinoid algebras which have good finiteness
properties such as Noetherianity. Some good properties pass to general affinoid algebra
by a technique enlarging the base valued field which makes the affinoid algebra strict.
Definition 2.38. For a multi-radius r “ pr1, . . . , rnq P R
n, the algebra
ktr´11 T1, . . . , r
´1
n Tnu “ tf “
8ÿ
JPNn
aJT
J : aJ P k, |aJ |r
J Ñ 0 as |J | Ñ 8u
is called the Tate algebra over k with multi-radius r. Denote it by Tnprq. It is a k-Banach
algebra with respect to the Gauss norm of multi-radius r defined by
~f~Tnprq “ max
J
|aJ |r
J
One can define Tate algebra over other complete ultra-metric valued fields.
Remark 2.39. This Gauss norm is obviously sub-multiplicative. It is in fact multiplica-
tive by an argument as in the proof of Gauss Lemma.
Definition 2.40. A k-Banach algebra A is called an affinoid algebra if there exists an
admissible surjective homomorphism from some Tate algebra ktr´1T u to A. The Banach
algebra norm on an affinoid algebra A is called an affinoid algebra norm. If one can take
r with ri “ 1 for all i P t1, . . . ,nu, then A is called a strict affinoid algebra. One may
define affinoid algebra similarly over other complete ultrametric valued field.
Remark 2.41. An affinoid algebra norm and the quotient algebra norm of Gauss algebra
norm by the defining admissible surjective homomorphism are just equivalent but not
necessarily equal.
One can construct new affinoid algebras out of old ones by various algebraic operations.
Example 2.42. The quotient Banach algebra of an affinoid algebra is an affinoid algebra.
Proposition 2.43. Let C be a k-Banach algebra which is finite over an affinoid algebra
A, then C itself is an affinoid algebra. If A is strict, then C is strict.
Proof. Let tciuiPt1,...,mu Ă C be a finite set of generators of C over A, then consider an A-
Tate algebra Atr´1T u where ri ě ~ci~C. There is a surjective k-algebra homomorphism
defined by
γ : Atr´1T u Ñ C, Ti ÞÑ ci
which is bounded as there exists C ą 0 such that
~γp
ÿ
J
aJT
Jq~C ď max
JPNm
~aJc
J~C ď C max
JPNm
~aJ~A ¨ r
J
By Corollary 2.5, γ is admissible, the norm ~¨~C is equivalent to the quotient norm of
the A-Tate norm. Hence C is an affinoid algebra. The strictness is obtained by choosing
ri P |k
ˆ| (see Lemma 2.47). 
Proposition 2.44. Let B be a Banach k-algebra. Suppose that there exists a finitely
generated k-algebra A which is dense in B, then there exists an affinoid algebra A in
which A is a dense k-sub-algebra and a homomorphism of Banach k-algebras A Ñ B
which extends the identiy homomorphism on A.
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Proof. Let taiuiPt1,...,mu be a set of generators of A. For each i P t1, . . . ,mu, let ri denote
~ai~B and let r denote the multi-radius consisting of triuiPt1,...,mu. Consider the Tate
algebra Tr and the homomorphism of k-algebras
krT1, . . . , Tms Ñ B, Ti ÞÑ ai
By the ultra-metricity of ~¨~B and the definition of r, one has
@n P N,@J P Nm,@fJ P k,~
ÿ
JPNm
fJ ¨ a
J~B ď ~
ÿ
JPNm
fJ ¨ a
J~Tr
so by a density argument one can extend it to a homomorphism of Banach k-algebras
Tr Ñ B, Ti ÞÑ fi
Let I be the kernel ideal of this homomorphism. To conclude it suffices to take A as
Tr{I . 
Proposition 2.45. Let pB,~¨~q be a normed algebra and let B be its separated comple-
tion. Let A be a sub-k-algebra of B, equipped with the restriction algebra norm of ~¨~,
and let A be the separated completion of pA,~¨~q. Assume that A is an affinoid algebra.
If B is integral and is finite over A, then B is Banach finite over A. Therefore B is an
affinoid algebra.
Proof. By assumption, there exists j P N and a homomorphism of k-algebras and elements
teiuiPt1,...,ju Ď B such that
F :
à
iPt1,...,ju
AÑ B, 1i ÞÑ ei
Moreover, F is bounded
~
ÿ
iPt1,...,ju
ai ¨ ei~ ď max
iPt1,...,ju
~ai ¨ ei~ ď max
iPt1,...,ju
~ei~ ¨ max
iPt1,...,ju
~ai~
So F extends to a homomorphism of Banach A-modules
F :
à
iPt1,...,ju
AÑ B, 1i ÞÑ ei
Let B´ be the image of F , it is a Banach finite A-module with the quotient norm ‖¨‖F
induced by F . As B´ is Banach finite over A, it is an affinoid algebra with an affinoid
algebra spectral norm ~¨~´, which is equivalent to ‖¨‖F . Now on B
´, ~¨~ is bounded
with respect to ~¨~´ by the continuity of F . To show the reverse, note that B´ is dense
in B, so by Theorem 2.30 one has for any b P B´
~b~´ “ max
zPMpB´q
|bpzq| “ max
zPMpBq
|bpzq| “ ~b~sp ď ~b~
Therefore ~¨~ and ~¨~´ are equivalent norms on B´, so B´ is closed in B, hence coincides
with it. 
To make an affinoid algebra strict, one can enlarge the base field.
Lemma 2.46. Let r “ pr1, . . . , rnq be a multi-radius such tαplog riquiPt1,...,nu are Q-
linearly independent. Then the k-affinoid algebra
Kr :“ ktr
´1T ,rT ´1u “ ktr´1T ,rSu{pT1S1 ´ 1, . . . , TnSn ´ 1q
is a field. ([Ber, Definition 2.1.1])
Lemma 2.47. Let Tnprq be a k-Tate alegbra. It is strict if and only if ri P
a
|kˆ| for all
i. ([Ber, Corollary 2.1.6])
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Corollary 2.48. Let Tnprq be a k-Tate alegbra. Let I Ď t1, . . . ,nu be a subset of
indices such that tαplog riquiPI are Q-linearly independent and |I| is maximal for this
independence property. Let rI “ pri1 , . . . , ri1q, then KrI pbkTnprq is a strict KrI -Tate
algebra.
Corollary 2.49. For any k-affinoid algebra A, there exists a multi-radius rI “ priqiPI
such that tαplog riquiPI are Q-linearly independent and KrI pbkA is a KrI -strict affinoid
algebra. ([Ber, Proposition 2.1.2])
2.3.2. Algebraic structures: Noetherianity. Let A be a Banach k-algebra, one denotes by
A˝ the k˝-algebra tf P A | ~f~A,sp ď 1u, and by A
˝˝ the ideal of A˝ constituting of
elements ~f~A,sp ă 1. The rk-algebra A˝{A˝˝ is called the reduction of A. It can be
shown that ĂTn is isomorphic to rkrT1, . . . , Tns. ([BGR, Proposition 5.1.2.2])
Definition 2.50. An element f P Tn with ~f~Tn “ 1 is said to be regular in zn of
degree d if its reduction f¯ “ λpznq
d `
ř
0ďiďd´1 cipznq
d´i in T¯n where λ P k
ˆ and ci P
k¯rz1, . . . , zn´1s.
Proposition 2.51. [Weierstrass division] Let Tn be the k-Tate algebra of multiradius
r “ 1, then
(1) Let f P Tn be an distinguished element in zn of degree d, and g P Tn be any
element. Then there exist unique r P Tn´1rzns of degree less than d in zn and
q P Tn such that g “ q ¨ f ` r. Moreover ~g~Tn “ maxt~q~Tn ,~r~Tnu
(2) Let f P Tn with ~f~Tn “ 1. Then there exists a k-algebra automorphism τ of Tn
such that τpfq is regular in zn.
([BGR, Theorem 5.2.1.2], [FvdP, Theorem 3.1.1])
Proposition 2.52. The Tate algebra Tn is Noetherian. All of its ideals are closed. ([BGR,
Theorem 5.2.6.1, Corollary 5.2.7.2], [FvdP, Theorem 3.2.1])
Corollary 2.53. Any strict affinoid algebra is Noetherian. All of its ideals are closed
([BGR, Proposition 6.1.1.3], [FvdP, Theorem 3.2.1]). Any affinoid algebra is Noetherian.
All of its ideals are closed ([Ber, Propositon 2.1.3]).
Proposition 2.54. [Noether normalization] For strict affinoid algebra A, there exists an
injective finite and admissible Banach algebra homomorphism Td Ñ A for some d ą 0.
Moreover, d equals the Krull dimension of A. ([BGR, Theorem 6.1.2.1], [FvdP, Theorem
3.2.1])
Corollary 2.55. Let m be a maximal ideal of strict affinoid algebra A, then A{m is a
finite extension of k.
2.3.3. Topological structures: the spectral norm. The Gauss norm on Tate algebra is equal
to its spectral norm. For a general strict redueced affinoid algebra, the Banach algebra
norm is equivalent to its spectral seminorm, thanks to the compatibility of Banach algebra
norms with algebraic structures.
One studies the spectral norm of the Tate algebra case by direct calculation.
Proposition 2.56. For any f P Tn, there exists z P MaxpTnq such that |fpzq|z “ ~f~Tn
([BGR, Proposition 5.1.4.3]). On Tn, the three norms are equal: ~¨~Tn “ ~¨~Tn,sp “
~¨~Tn,spM.
One then uses Noether normalization to investigate the spectral seminorm of general
affinoid algebra.
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Proposition 2.57. Let A be a reduced strict affinoid algebra. Then its spectral norm
~¨~A,sp is a complete norm on A. It is equivalent to the Banach algebra norm ~¨~A.
([FvdP, Theorem 3.4.9], [BGR, Theorem 6.2.4.1])
Corollary 2.58. Let A be a reduced general affinoid algebra. Then there exists C ą 0
such that ~f~ ď C~f~sp for all f P A. In particular, ~¨~sp is complete on A , and is
equivalent to ~¨~. ([Ber, Proposition 2.1.4.ii])
Remark 2.59. The constant C here does not depend on f P A, it is uniform.
2.3.4. Affinoid space as locally ringed space. The Berkovich spectrum of affinoid algebras
are called affinoid spaces. It is possible to put locally ringed space structures on them.
The construction of structural sheaf goes first with a Grothendieck topology generated
by closed compact subsets of affinoid domains, then passes to the canonical topology by
a limit process approximating an open set by these compact sets.
Affinoid domains and structural algebra.
Definition 2.60. Let A be an affinoid algebra. An affinoid domain is a closed subset V of
MpAq, which is homeomorphic to pιV q
‹pMpAV qq for some affinoid algebra AV and Banach
algebra homomorphism ιV : A Ñ AV , and satisfies the universal mapping property : for
any Banach algebra homomorphism φ : AÑ C between affinoid algebras with φ‹pMpCqq Ď
V , there exists a unique Banach algebra homomorphism ψ : AV Ñ C with φ “ ψ ˝ ιV
Lemma 2.61. Let V be an affinoid domain in MpAq. Then V is homeomorphic to
MpAV q. Moreover AV is a flat A-algebra. ([Ber, Proposition 2.2.4])
Example 2.62. Given f “ pf1, . . . , fmq and g “ pg1, . . . , gnq tuples of elements of A,
p “ pp1, . . . , pmq P pR
˚
`q
m and q “ pq1, . . . , qnq P pR
˚
`q
n, the closed subset
V “MpAqpp´1f, qg´1q :“ tz PMpAq, |fipzq|z ď pi, |gjpzq|z ě qju
is an affinoid domain. The corresponding homomorphism of affinoid algebras is
AÑ AV “ Atp
´1
1 T1, . . . , p
´1
m Tm, q1S1, . . . , qnSnu{pTi ´ fi, gjSj ´ 1q
Such domains are called Laurent domains. If n “ 0, they are called Weierstrass domains.
Lemma 2.63. A finite intersection of affinoid domains is an affinoid domain. ([Ber,
Remark 2.2.2.iv])
Corollary 2.64. Any point z P MpAq has a fundamental system of (closed) neighbour-
hoods consisting of affinoid domains. ([Ber, Proposition 2.2.3])
Special domains and acyclicity of structural presheaf.
Definition 2.65. A special domain V in MpAq is a finite union of affinoid domains Vi in
MpAq.
Definition 2.66. The Grothendieck topology on MpAq is the one with special domains
as admissible open sets and finite covering as admissible coverings. One notes MpAqG for
the space with this G-topology.
Definition 2.67. Let V be an admissible covering of MpAq by affinoid domains tViuiPI ,
where I is a finite set. Then for a Banach finite A-module M, the Cech complex of M
with respect to Vi is defined to be the complex of Banach A-modules
C‚pM,Vq : 0ÑMÑ
ź
iPI
Mi Ñ
ź
i,jPI
Mi,j Ñ . . .
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One would like to have acyclicity of the complex C‚pM,Vq in order to follow standard
construction of a structural sheaf on MpAqG.
Theorem 2.68. Let A be a strict affinoid algebra and V an admissible covering by strict
affinoid domains for MpAq. Then C‚pA,Vq is acyclic. ([BGR, Proposition 8.2.2.5])
Corollary 2.69. For general affinoid domain MpAq with general affinoid domains cover-
ing V, the complex C‚pA,Vq is acyclic. So is C‚pM,Vq for finite Banach A-module M .
([Ber, Proposition 2.2.5])
Definition 2.70. Let V be any special domain in MpAq. Fix a way of writing V asŤ
iPI Vi where I is a finite set and Vi “MpAViq are affinoid algebras, let
AV :“ kerp
ź
iPI
AVi Ñ
ź
i,jPI
AViXVj q
be the k-Banach algebra with sub-norm. The structural pre-sheaf of affinoid algebras
OMpAqG on MpAqG (with respect to the G-topology) is the one assigning V the
k-Banach algebra AV . It is a sheaf thanks to Corollary 2.69.
Remark 2.71. The k-Banach algebra OMpAqGpV q does not depend on the way of being
a union of affinoid domains.
Definition 2.72. For any open subset U ofMpAq, let OMpAq be the pre-sheaf of k-algebras
(with respect to the canonical topology) which assigns U the limit
OMpAqpUq :“ limÐÝ
VĂU,V special domain
AV
It is also a sheaf thanks to the compactness of special domains under canonical topology.
This is called the structural sheaf of MpAq.
Proposition 2.73. OMpAq is a sheaf of local rings. The topological space MpAq has a
structure of locally ringed space given by the sheaf OMpAq. ([Ber, Section 2.3])
2.4. Spectral calculus.
Gelfand-Shilov theory allows one to do multi-variable spectral calculus for (commuta-
tive) Banach algebras over C. In particular, one can localize a homomorphism between
Banach algebras onto a neighbourhood of its spectrum. Similar theory, as develloped in
[Ber, Chapter 7], exists in the non-Archimedean base field setting.
2.4.1. Holomorphic envelop. The holomorphic convexity of spectrum of a homomorphism
of Banach k-algebra depends on the dense-ness of its image. In case where the spectrum of
a homomorphism is not holomorphic convex, one can add variables to the source algebra
so that spectrum of extended homomorphism is holomorphically convex.
Definition 2.74. Let A and B be Banach k-algebras, and φ : AÑ B be a homomorphism
of Banach algebras. The spectrum of homomorphism φ is the image of MpBq in MpAq
under φ‹. Denote it by Σφ
Definition 2.75. Let A be a Banach k-algebra. Let Ω be a compact subset of MpAq.
The holomorphic convex envelop of Ω in MpAq is the subset
Ωh :“ tz PMpAq | @f P A, |f |z ď sup
z1PΩ
|f |z1u
The subset Ω is said to be holomorphically convex if Ωh “ Ω.
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Lemma 2.76. The intersection of all Weierstrass neighbourhoods of Ω in MpAq coincide
with Ωh. ([Ber, Proposition 2.6.1])
Proposition 2.77. Let A be a k-affinoid algebra, B be a Banach k-algebra. Let φ : AÑ
B be a homomorphism of Banach k-algebras. Let B1 be the closed sub-algebra generated
by the image of φ of A in B and let φ1 : AÑ B1 be the restricted homomorphism. Then
pΣφq
h “ Σφ1 . ([Ber, Proposition 7.3.1])
Corollary 2.78. Let φ : AÑ B be a homomorphism of Banach algebras from an affinoid
algebra to a Banach algebra with dense image. Then Σφ is holomorphically convex.
One has the following analogue of Arens-Calderon theorem, which holomorphically
convexifies the spectrum of a homomorphism of Banach k-algebras by adding variables
on the source algebra.
Proposition 2.79. Let A be a k-affinoid algebra, B be a Banach k-algebra. Let φ : AÑ
B be a homomorphism of Banach k-algebras. Then for any open neighbourhood U in
MpAq of the spectrum Σφ, there exists a homomorphism of Banach algebras extending φrφ : rA :“ Atr´11 T1, . . . , r´1n Tnu Ñ B
such that prppΣφq
hq Ď U , where pr : Mp rAq Ñ MpAq is the canonical map of projection.
([Ber, Proposition 7.3.3])
2.4.2. Holomorphic functional calculus. It is easy to localize the homomorphism to holo-
morphic convex neighbourhood of its spectrum. For a spectrum of homomorphism which
is not holomorphically convex, one uses Proposition 2.79 to localize the homomorphism
to any neighbourhood of it.
Lemma 2.80. Let φ : A Ñ B be a Banach algebra homomorphism from an affinoid
algebra A to a Banach algebra B. Then for any Laurent domain neighbourhood V of Σφ,
φ extends to a unique Banach algebra homomorphism φV : AV Ñ B. ([Ber, Corollary
2.5.16])
Theorem 2.81. Let φ : AÑ B be a homomorphism of Banach algebras from an affinoid
algebra to a Banach algebra. Let V ĎMpAq be any special domain containing Σφ. Then
there exists a Banach algebra homomorphism
θφ : ΓpV,OMpAqq Ñ B
satisfying φ “ θφ ˝ ιV , where ιV : A Ñ AV “ ΓpV,OMpAqq is the Banach algebra homo-
morphism corresponding to the inclusion V ĎMpAq. ([Ber, Theorem 7.3.4])
Remark 2.82. One can verify that the resulting Banach algebra homomorphism does
not depend on the choice of rφ.
2.5. Analytification of scheme of finite type.
There is a construction of Berkovich spectrum for a k-algebra similar to the one for
k-Banach algebra, giving rise to analytification of k-schemes of locally finite type, as
developped in [Ber, Section 3.4].
2.5.1. Local situation. For affine varieties, the topological space of its analytification is
defined in the same way as the spectrum of Banach algebra, except that boundedness re-
quirement of seminorms are dropped. They enjoy similar basic properties as the spectrum
of Banach algebra. Proofs are of same spirit hence are omitted.
NON-ARCHIMEDEAN METRIC EXTENSION FOR SEMIPOSITIVE LINE BUNDLES 17
Definition 2.83. Let Z “ SpecpAZq be an affine k-scheme of finite type, where AZ
is a k-algebra of finite type. Its Berkovich analytification Zan is the topological space
constituting of all multiplicative seminorms ~¨~ on AZ as points and with the canonical
topology (the weakest topology making every function ~¨~ Ñ ~f~ continuous for each
f P AZ). ([Ber, Remark 3.4.2])
Definition 2.84. A character on AZ is a homomorphism of k-algebra from AZ to some
valued field extension pK, |¨|Kq over pk, |¨|kq. Two characters χ1 : AZ Ñ K1 and χ1 :
AZ Ñ K1 are called equivalent if there exists a k-algebra homomorphism χ3 : AZ Ñ K3
and norm preserving k-algebra homomorphisms i1 : K1 Ñ K3 and i2 : K2 Ñ K3 satisfying
χ3 “ i1 ˝ χ1 “ i2 ˝ χ2.
Lemma 2.85. There is a bijective map from the set of points of Zan to the set of
equivalent classes of characters on AZ .
Proposition 2.86. Let φ : AZ Ñ AW be a homomorphism of k-algebras of finite type
where Z “ SpecpAZq and W “ SpecpAW q. Then there is an induced continuous map
φ‹ : W an Ñ Zan, which sends a multiplicative seminorm | ¨ |w to |φp¨q|w.
Proposition 2.87. If φ is surjective, then φ‹ is injective and is a closed map; if φ is
finite, then φ‹ is surjective. ( [Ber, Proposition 3.46 (6)(7)])
Proposition 2.88. Let Z “ SpecpAZq be an affine k-variety, ~¨~ an algebra norm on
AZ and AZ be the k-Banach algebra obtained by completing AZ with respect to ~¨~.
Then the canonical homomorphism of k-algebras from AZ to AZ induces a continuous
map which embeds the Berkovich spectrum MpAZq into Z
an as a compact subspace (and
is closed since Zan is Hausdorff), and the Berkovich topology coincides with the induced
topology from Zan.
Proof. For any z P MpAZq, the multiplicative algebra seminorm (or the corresponding
character) χz on AZ corresponds to a unique multiplicative algebra seminorm on AZ by
restriction. Since AZ is dense in AZ , the family of open sets tUpf ; p, qq, f P AZ , p, q P Ru
form a basis for topology on MpAZq, hence the inherited topology coincides with the
originial topology. So the embedding is continuous, and the image of MpAZq is compact
in Zan. Since the topology on Zan is Hausdorff, the image of MpAZq is closed. 
Definition 2.89. An analytic function on open set U Ď pSpecAZq
an is a map h : U Ñš
zPU κˆpzq which is a local uniform limit of rational functions: every z P U has an open
neighbourhood U 1 Ď U such that for every ǫ ą 0, there exists fU 1 , gU 1 P AZ with |hpzq ´
fU 1 pzq
gU 1pzq
| ă ǫ and gpzq ‰ 0 for all z P U 1. Denote by RanpUq the k-algebra of all analytic
functions on U .
Definition 2.90. The structural sheaf OZan on Z
an is the one assigning RanpUq to an
open set U .
Proposition 2.91. OZan is a sheaf of local rings. The pair pZ
an,OZanq gives rise to a
locally ringed space.
Proposition 2.92. If AZ is an affinoid algebra AZ , then there is a morphism of locally
ringed space
pMpAZ ,OMpAZ qq Ñ pZ
an,OZanq
Proof. The map of topological spaces is given in Proposition 2.88. For the ring homomor-
phism, it suffices to construct a k-algebra homomorphism OZanpUq Ñ AV for any open
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set U Ď MpAq and any affinoid domain V Ď U . Moreover, it suffices to consider U and
V of basic form
U “ Upp´1f, qg´1q, V “MpAZppp´ ǫq
´1f, pq ` ǫqg´1qq , ǫ ą 0
There is a homomorphism of k-algebras RanpUq Ñ AZppp´ ǫq
´1f, pq ` ǫqg´1q sending f˜
g˜
for f˜ , g˜ P AZ to itself, the later being an element of AV since
1
g˜
P AV by Lemma 2.25. As
uniform limits of sequence in RanpUq remains to be uniform limits, this homomorphism
extends to a k-algebra homomorphism OZanpUq Ñ AV . 
2.5.2. Global situation. One can analytify a scheme of finite type defined over k by glueing
local constructions.
Definition 2.93. Let X be a finite type scheme over Spec k, and write X as
Ť
Xi where
Xi “ SpecAXi are affine charts. The Berkovich analytification of pX,OXq is the locally
ringed space obtained by gluing the Berkovich analytification ppXiq
an,OpXiqanq of each
pXi,OXiq.
Proposition 2.94. Let φ : X Ñ Y be a morphism of schemes of locally finite type over
Spec k. Then it induces a continuous map φan : Xan Ñ Y an. And φ is (1) separated, (2)
injective, (3) surjective, (4) an open immersion and (5) an isomorphism if and only if φan
has the same property. ([Ber, Proposition 3.4.6])
Theorem 2.95. If X is proper, then Xan is Hausdorff and compact. ([Ber, Theorem
3.4.8])
3. Normed section algebra
In this section, one studies norms on graded linear series of a line bundle on a projective
variety.
3.1. Basic setting.
Let k be a field equipped with a complete non-Archimedean absolute value |¨|, which is
not trivial. Let X be an irreducible scheme of finite type over Speck. One denotes by Xan
the Berkovich analytic space associated with X and by jX : X
an Ñ X the map sending
any x P Xan to its associated scheme point.
1. Let V “
À
nPN Vn be a graded k-algebra. Let ~¨~ be an algebra seminorm on V . For
every n P N, this algebra seminorm induces by restriction a seminorm on the k-vector
space Vn, denoted by ‖¨‖n. As ~¨~ is sub-multiplicative, these seminorms satisfy the
property
@pm,nq P N2, sm P Vm, sn P Vn, ‖sm ¨ sn‖m`n ď ‖sm‖m ¨ ‖sn‖n; ‖1‖0 “ 1
Conversly, given a familly of ultrametric seminorms t‖¨‖nunPN on k-vector spaces Vn of V
satisfying these properties, the seminorm on the graded k-algebra
À
nPN Vn defined by
@s “ psnqnPN, ~s~ :“ sup
nPN
‖sn‖n
is submultiplicative, hence is an algebra seminorm on V . In fact, let s “ psnqnPN and
t “ ptnqnPN be two elements of
À
nPN Vn and u “ punqnPN “ s ¨ t, then one has
un “
ÿ
pp,qqPN2
p`q“n
sp ¨ tq.
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By using the fact that the seminorm ‖¨‖n is ultrametric, one obtains that
‖un‖n ď max
pp,qqPN2
p`q“n
‖sp ¨ tq‖n ď max
pp,qqPN2
p`q“n
‖sp‖p ¨ ‖tq‖q,
so ~u~ is bounded from above by ~s~ ¨ ~t~. Denote by pV p~¨~q the separated completion
of the seminormed algebra p
À
nPN Vn,~¨~q.
One denotes by ΥpV‚pLqq the set of all power-multiplicative ultrametric algebra norms
~¨~ which satisfies
@psnq P V‚pLq, ~psnq~ “ sup
nPN
~sn~.
This last condition is equivalent to the orthogonality of tVnunPN as k-linear subspaces.
2. For any invertible OX -module L, one denotes by V‚pLq the graded k-algebra
À
nPN VnpLq
where VnpLq :“ H
0pX,Lbnq. As X is irreducible, V0pLq “ k.
Let f : Y Ñ X be a morphism of k-schemes. The morphism of OX -modules L
bn Ñ
f˚f
˚pLbnq induces linear maps of k-vector spaces VnpLq Ñ Vnpf
˚Lq and graded homo-
morphism of degree 0 of graded-k-algebras V‚pLq Ñ V‚pf
˚Lq. Denote by VnpLX|Y q and
V‚pLX|Y q the image vector space and image graded algebra.
One denotes by TotpL_q the scheme SpecpSymOX Lq over Speck, by πX the canonical
morphism of schemes TotpL_q Ñ X, and by O the reduced closed subscheme of zero
section. If the graded k-algebra V‚pLq is of finite type, then one denotes by 0 the closed
point of SpecV‚pLq given by the maximal ideal Vě1pLq, and by pXp0q the canonical blow-
up morphism TotpL_q Ñ SpecV‚pLq along the sub-scheme 0.
Denote the integer dimk VnpLq ´ 1 by dn. If L
bn is globally generated, there is a
morphism induced by VnpLq
ιn : X Ñ PpVnpLqq » P
dn .
3. Let L be an invertible OX -module. Let FX be the sheaf of real-valued functions on
Xan. By pseudometric on L one refers to a morphism of sheaves of sets φ : LÑ jX,˚pFXq
such that, for any x P Xan, the map |¨|φpxq : Lpxq Ñ R induced by φ is a seminorm on
the one-dimensional vector space Lpxq over pκpxq. If, for any x P Xan, the map |¨|φpxq is
a norm, one says that φ is a metric.
We say that a pseudometric φ is (upper semi-)continuous if, for any Zariski open subset
U of X and any section s P ΓpX,Lq, the function px P Uanq Ñ |s|φpxq is (upper semi-
)continuous.
4. The pair pL, φq is called a pseudometrized invertible OX-module. For any ǫ P R, the
following subset of TotpL_qan, equipped with induced topology
tpx, e_pxqq P TotpL_qan : |e_psq|pxq ď |s|φpxq ¨ e
ǫ presp. ă eǫqu
is called the dual closed (resp. open) disc bundle of radius eǫ of the pseudometrized pair
pL, φq, where s is a local section of L. We denote it by D
_
pL, φ, ǫq (resp. D_pL, φ, ǫqq.
5. Let f : Y Ñ X be a morphism of separated k-schemes of finite type. Let L be an
invertible OX -module, equipped with a pseudometric φ. We define a pseudometric f
˚φ
on f˚pLq such that, for any section s of L on a Zariski open subset U of X, one has
@ y P f´1pUqan, |f˚psq|f˚φpyq “ |s|φpf
anpyqq.
Since fan : Y an Ñ Xan is continuous (Proposition 2.94), if the metric φ is continuous,
so is f˚φ. If Y is a subscheme of X and if f : Y Ñ X is the canonical immersion, the
restricted metric f˚φ is also denoted by φ|Y .
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6. Any map f : Xan Ñ R Y t`8u determines a pseudometric τf on OX such that, for
any regular function a of X on a Zariski open subset U , one has (with the convention
e´8 “ 0)
@x P Uan, |a|φf pxq “ |a|pxq ¨ e
´fpxq.
Note that f ÞÑ τf defines a bijection between the set of maps X
an Ñ RYt`8u and that
of pseudometrics on OX , which maps the set of real-valued functions bijectively to that
of pseudometrics on OX . Moreover, a pseudometric φf is continuous if and only if f is
continuous on Xan. The trivial invertible sheaf OX equipped with the pseudometric τf
is denoted by OXpfq. The metric corresponding to the identically vanishing function is
called the trivial metric on OX .
7. Let φ1 and φ2 be two metrics on L. The distance of these two pseudometrics is a
generalized positive real number (in R` Y t`8u) defined by
distpφ1, φ2q “ sup
xPXan
ˇˇˇ
log
ˇˇˇ
φ1pxq
φ2pxq
ˇˇˇ
pκpxq
ˇˇˇ
.
If X is proper and φ1, φ2 are continuous metrics, then distpφ1, φ2q P R`.
8. Let L1 and L2 be invertible OX-modules, and φ1 and φ2 be pseudometrics on L1
and L2 respectively. The pseudometric φ1 and φ2 induce by passing to tensor product
a metric on L1 b L2, denoted by φ1 ` φ2. For any Zariski open subset U of X and any
ps1, s2q P ΓpU,L1q ˆ ΓpU,L2q, one has
@x P Uan, |s1 ¨ s2|φ1`φ2pxq “ |s1|φ1pxq ¨ |s2|φ2pxq.
If φ1 and φ2 are continuous, then φ1 ` φ2 is also continuous.
In particular, for any ǫ P R, we denote by φpǫq the pseudometric φ`τeǫ on LbOX “ L.
Moreover, any metric φ on L determines by passing to its dual a metric ´φ on L_ such
that, for any Zariski open subset U of X and any ps, αq P ΓpU,Lq ˆ ΓpU,L_q, one has
@x P Uan, |αpsq|pxq “ |α|´φpxq ¨ |s|φpxq.
If the metric φ is continuous, so is ´φ.
9. Let L be an invertible OX-module, and n P Nzt0u. A pseudometric φ on L determines
by tensor power a pseudometric on Lbn for any n P Nzt0u, denoted by nφ. By convention,
0φ denotes the trivial metric on Lb0 – OX (see 6. above).
Similarly, assume given a pseudometric φ on Lbn. We denote by 1
n
φ the pseudometric
on L such that, for any Zariski open subset U of X and any section s P ΓpU,Lq, one has
‖s‖ 1
n
φ “ ‖s
n‖
1{n
φ .
If the pseudometric φ is continuous, then also is 1
n
φ.
10. Let L be an invertible OX-module. For any n such that L
bn is globally generated,
let ‖¨‖n be a norm on VnpLq. For any x P X
an, the evaluation map
VnpLq bk pκpxq ÝÑ Lbnpxq
induces a quotient norm of ‖¨‖n,pκpxq on the pκpxq-vector space Lbnpxq, denoted by ‖¨‖n,X|x.
This gives rise to a metric on Lbn, which we call the Fubini-Study metric associated with
‖¨‖n on L
bn, denoted by FSp‖¨‖nqpxq. The metric
1
n
FSp‖¨‖nq on L is called the n-th
Fubini-Study metric associated with ‖¨‖n on L.
In particular, let tsn,jujPt0,...,dnu be a basis of VnpLq and let ‖¨‖n be a ultrametric norm
on V1pLq with respect to which ts1,jujPt0,...,d1u is an orthogonal basis. Such a metric
FSp‖¨‖nq is studied and heavily used in [CMor18], and is said to be diagonalizable in
[BE18].
NON-ARCHIMEDEAN METRIC EXTENSION FOR SEMIPOSITIVE LINE BUNDLES 21
11. Similarly, let ~¨~ be an algebra norm on V‚pLq. For any x P X
an, the evaluation map
induces a pκpxq-algebra homomorphism
V‚pLq b pκpxq Ñà
nPN
Lbnpxq “: V‚pLqpxq
This algebra homomorphism induces a quotient algebra norm of the scalar extension
~¨~pκpxq on V‚pLqpxq, denoted by ~¨~X|x. Let pV pL,~¨~qpxq denote the separated completion
of pV‚pLqpxq,~¨~X|xq. Once a non-zero element e1pxq P Lpxq is chosen, the second algebra
can be identified with pκpxqrT s by sending e1pxq to T .
12. Let L be an invertible OX module. Let t‖¨‖nunPN be a familly of norms on tVnpLqunPN.
If the sequence of metrics t 1
n
FSp‖¨‖nqunPN converges pointwisely to a limit metric, we
denote it by Ppt‖¨‖nunPNq and call it the Fubini-Study envelop metric associated with
t‖¨‖nunPN.
Note that if the convergence is uniform for x P Xan, since Fubini-Study metrics
t 1
n
FSp‖¨‖nqunPN are continuous, the envelop metric will also be continuous. Conversely,
if X is proper over Spec k and the envelop metric is continuous, then the convergence is
uniform in x P Xan as Xan is Hausdorff and compact by Theorem 2.95. A metric φ on
L is asymptotic Fubini-Study if it is a Fubini-Study envelop metric and the convergence
is uniform for x P Xan (see [BE18, Definition 6.1]). Asymptotic Fubini-Study metrics are
thus continuous. Note that asymptotic Fubini-Study property in this sense is equivalent
to the notion of semipositive metric by the terminology of [CMor18]. We refer to [BFJ16,
§5.4] and [BE18, §6.1] for a clear discussion of other various notions of semipositivity that
have been proposed and studied in [Zha95], [Gu98], [Mor11], [BFJ16], [CLD12], [BMPS],
[CMor18], [GM16] and literature therein.
In particular, let ~¨~ be an algebra seminorm on V‚pLq, and let t‖¨‖nunPN be the
associated familly of seminorms on tVnpLqunPN. The seminorms t
1
n
FSp‖¨‖nqpxqunPN on
Lpxq satisfy sub-multiplicative property, so they converges to a limit seminorm on Lpxq.
This gives rise to a pseuodometric on L, called the Fubini-Study envelop pseudometric
associated with ~¨~. We denote it by Pp~¨~q. It is not necessarily continuous.
13. Assume that X is proper over Spec k. Note that Xan is then a compact Hausdorff
space (see [Ber, Theorem 3.4.8]). Let L be an invertible OX-module and φ be an upper
semicontinuous metric on L (see 3. above). As Xan is compact, any upper semicontinuous
function on Xan is bounded from above and attains its maximal value. In particular, for
any s P V1pLq, one has
‖s‖φ :“ sup
xPXan
|s|φpxq ă `8.
Moreover, ‖¨‖φ : V1pLq Ñ Rě0 is a norm on V1pLq. This norm is ultrametric since the
absolute value |¨| on k is non-Archimedean and L is of rank 1. We denote by ~¨~φ the
norm on the k-vector space V‚pLq defined as
@ s “ psnqnPN P V‚pLq, ~s~φ :“ sup
nPN
‖sn‖nφ.
Note that the k-algebra V‚pLq equipped with this norm forms a normed k-algebra. In
fact, since 0φ is the trivial metric on OX , one has ~1~0φ “ 1, where 1 denotes the unit
section of OX . Moreover, for sn P VnpLq and sm P VmpLq, we have
‖sm ¨ sn‖nφ “ sup
xPXan
|sm|mφpxq ¨ |sm|mφpxq
ď sup
xPXan
|sm|mφpxq ¨ sup
xPXan
|sn|nφpxq “ ‖sm‖mφ ¨ ‖sn‖nφ
Then ~¨~φ is an algebra norm by 1.
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In addition, the familly of norms t‖¨‖nφunPN satisfies the power-multiplicative property
for homogeneous elements:
@sn P VnpLq,@m P N, ‖psnq
m‖nmφ “ p‖sn‖nφq
m.
In fact, the algebra norm ~¨~φ is power-multiplicative also for non-homogeneous elements
(see Proposition 3.1).
Moreover, for every n P N, there is a metric 1
n
FSp‖¨‖nφq on L, namely the n-th Fubini-
Study metrics on L associated with ‖¨‖nφ.
One denotes by pV‚pL, φq the separated completion of the normed k-algebra pV‚pLq,~¨~φq.
More generally, if V‚ is a graded sub-k-algebra of V‚pLq, by abuse of notation we still denote
by ~¨~φ the restriction of the norm ~¨~φ on V‚ and denote by pV‚pφq the separated comple-
tion of the normed algebra pV‚,~¨~φq. The restricted norm is also power-multiplicative.
In particular, for any N P Nzt0u, if one takes V‚ to be
À
nPN VnN pLq, denoted by
V pNq‚ pLq, we denote by pV pNq‚ pL, φq the separated completion of pV pNq‚ pLq,~¨~φq.
14. Assume that X is proper over Speck. Let L be an invertible OX -module and φ be
an upper semicontinuous metric on L. Let f : Y Ñ X be a morphism of k-schemes of
finite type. Let ‖¨‖nφ,X|Y be the quotient norm of ‖¨‖nφ on VnpLX|Y q. It is ultrametric.
Let ~¨~φ,X|Y be the quotient algebra norm of ~¨~φ on V‚pLX|Y q. In fact,
@t “ ptnqnPN P V‚pLX|Y q, ~t~φ,X|Y “ sup
nPN
‖tn‖nφ,X|Y .
One denotes by pV‚pLX|Y , φX|Y q the separated completion of the normed k-algebra pV‚pLX|Y q,~¨~φX|Y q.
In particular, for anyN P N, we denote by V pNq‚ pLX|Y q the graded k-algebra
À
nPN VnN pLX|Y q.
This is a sub-algebra of V‚pLX|Y q. The restriction of ~¨~φ,X|Y on this sub-algebra is still
denoted by ~¨~φ,X|Y . One denotes by pV pNq‚ pLX|Y , φX|Y q the separated completion of
pV pNq‚ pLX|Y q,~¨~φ,X|Y q. In particular, if f is the canonical immersion associated with a
sub-scheme, we get a Banach k-algebra pV pNq‚ pLX|Y , φX|Y q.
In the rest of the article, we make the following assumptions. For algebro-geometric
data: let X be an integral projective scheme over Spec k of pure dimension d, Y be a
reduced closed sub-scheme of X with its canonical closed immersion iY : Y Ñ X, and
L be an ample invertible OX -module. One can find M P N such that L
bM is very
ample and for any n ě M , the restriction map from VnpLq to VnpL|Y q is surjective, so
VnpL|Y q “ VnpLX|Y q. For the metric data, let φ be an upper-semicontinuous metric on
L.
3.2. Algebraic properties of normed section algebra.
We show the power-multiplicativity of the supremum algebra norm ~¨~φ, and that the
normed section algebras are reduced Banach algebras.
Proposition 3.1. The algebra norm ~¨~φ is power-multiplicative. Hence its spectral
algebra seminorm is equal to itself, and it is an algbra norm.
Proof. In fact, let s “ psnqnPN be an element of V‚pLq and m P N, let n0 P N be the
smallest integer for which ~s~φ “ ‖sn0‖n0φ. By the ultrametricity of ~¨~φ and the power-
multiplicativity of t‖¨‖nφunPN, one has
~sm~φ ď ‖psn0q
m‖mn0φ “ p‖sn0‖n0φq
m “ ~s~mφ .
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By the choice of n0, one has
@pj0, . . . , jlq P N
l`1,
ÿ
iPt0,...,lu
i ¨ ji “ mn0,
∥
∥
∥
ź
iPt0,...,lu
psiq
ji
∥
∥
∥
mn0φ
ď ‖psn0q
m‖mn0φ
and the equality holds if and only if pj0, . . . , jlq “ p0, . . . , 0, n0, 0, . . . , 0q where n0 is on
the m-th place, so by the definition of ~¨~ and its ultra-metricity, one get
~sm~φ ě ‖ps
mqmn0‖mn0φ ě ‖psn0q
m‖mn0φ “ ~s~
m
φ ,
hence there is an equality. 
Corollary 3.2. Then the Banach k-algebras pV‚pL, φq, pV‚pL|Y , φ|Y q and pV‚pLX|Y , φX|Y q
are semi-simple. In particular, they are reduced.
Proof. Let s P pV‚pL, φq be an element in radppV‚pL, φqq, then by Proposition 3.1, one has
0 “ ~s~φ;sp “ ~s~φ,
so
@n P N, ‖sn‖nφ “ 0.
By the assumption, all componets sn are zero sections. So s “ 0, hence pV‚pL, φq is
semi-simple. Same arguments works for pV‚pL|Y , φ|Y q.
Let t P radppV‚pLX|Y , φX|Y qq. Then tn P radppV‚pLX|Y , φX|Y qq for every n P N. For any
m P N, there exists snm P VnmpLq such that snm|Y “ t
m
n and
lim
mÑ8
‖snm‖
1
m
nmφ “ 0.
As ‖tmn ‖nmφ|Y ď ‖snm‖nmφ, one has that
@n P N, ‖tn‖nφ|Y “ 0
so t “ 0. Hence pV‚pLX|Y , φX|Y q is semi-simple. 
Remark 3.3. The reducity of closed sub-scheme Y is necessary for the semi-simplicity
of the Banach k-algebra pV‚pLX|Y , φX|Y q.
3.3. Spectrum of normed section algebra.
We embed the Berkovich spectrum of normed section algebra into the analytification of
the spectrum of the section algebra.
Lemma 3.4. The homomorphism of inclusion of k-algebras V pLq Ñ pV‚pL, φq induces a
continuous map between topological spaces MppV‚pL, φqq Ñ pSpecV pLqqan which is closed.
Moreover, the map is injective.
Proof. This is clear by Proposition 2.88. 
Proposition 3.5. There exist algebra norms ~¨~affφ on V‚pLq and ~¨~
aff
φ,X|Y on V‚pLX|Y q
such that the separated completions of pV‚pLq,~¨~
aff
φ q and pV‚pLX|Y q,~¨~
aff
φ,X|Y q are affi-
noid algebras. Denote them by pV‚pL, φaff q and pV‚pLX|Y , φaffX|Y q. Moreover, there exists a
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commutative diagram of homomorphisms of k-algebras with σ and σY being homomor-
phisms of Banach k-algebras
V‚pLq
iY

// pV‚pL, φaff q σ //
iY pφ
aff q

pV‚pL, φq
iY pφq

V‚pLX|Y q // pV‚pLX|Y , φaffX|Y q σ|Y // pV‚pLX|Y , φX|Y q
All homomorphisms (except iY ) have dense images, and iY is surjective.
Proof. As V‚pLq is a finitely generated sub-k-algebra of pV‚pL, φq which is dense for the
topology induced by Banach algebra norm, by Proposition 2.44, there exists an affinoid
algebra norm ~¨~affφ on V‚pLq and a homomorphism of Banach algebras
σ : pV‚pL, φaff q Ñ pV‚pL, φq.
One then takes ~¨~aff
φ,X|Y on V‚pLX|Y q to be the quotient norm of ~¨~
aff
φ . By Example
2.42, this quotient norm is also an affinoid algebra norm. By this quotient construction,
there exists a homomorphism of Banach k-algebras
σ|Y : pV‚pLX|Y , φaffX|Y q Ñ pV‚pLX|Y , φX|Y q
which fits into a commutative diagram with iY pφq and iY pφ
aff q. 
Corollary 3.6. The commutative diagram of homomorphisms of k-algebras induces a
commutative diagram of continuous maps of topological spaces
pSpecpV‚pLqqq
an MppV pL, φaff qqoo MppV‚pL, φqqσ˚oo
pSpecpV‚pLX|Y qqq
an
i˚
Y
OO
MppV‚pLX|Y , φaffX|Y qqoo
iY pφ
aff q˚
OO
MppV‚pLX|Y , φX|Y qqσ|˚Yoo
iY pφq
˚
OO
All maps are closed. If the algebra seminorm ~¨~φ is a norm, then all maps are injective.
Proof. This follows from Proposition 2.26, Proposition 2.88 and Proposition 2.27. 
3.4. Fubini-Study metrics.
We study distances between Fubini-Study metrics, and gives explicit expressions for
Fubini-Study metrics admitting non-Archimedean orthogonal basis. Many of the results
here are also obtained in [CMor18] or in [BE18, Section 6].
Lemma 3.7. Assume that L is globally generated. Let ‖¨‖1 be a norm on V1pLq and let
FSp‖¨‖1q be the associated Fubini-Study metric. Then for any x P X
an and epxq P Lpxqz0,
|epxq|FSp‖¨‖
1
q “ inf
λPpκpxq, s1PV1pLq
s1pxq“λ¨epxq
|λ|´1 ¨ ‖s1‖.
(with the convention that 0´1 “ `8)
Proof. This follows from Lemma 2.11. 
Lemma 3.8. Let ‖¨‖n be a norm on VnpLq, then
1
n
FSp‖¨‖nq is a continuous metric on L.
([CMor18, Proposition 3.1])
NON-ARCHIMEDEAN METRIC EXTENSION FOR SEMIPOSITIVE LINE BUNDLES 25
Lemma 3.9. Let φ1 and φ2 be two upper-semicontinuous metrics on L, then
distp‖¨‖φ1 , ‖¨‖φ2q ď distpφ1, φ2q.
(see also [BE18, Lemma 6.10])
Proof. For any s P V1pLq, if ‖s‖φ1 ě ‖s‖φ2 , let x1 P X
an be a point where ‖s‖φ1 is
attained. One has ˇˇˇ
log
‖s‖φ1
‖s‖φ2
ˇˇˇ
ď
ˇˇˇ
log
ˇˇˇ
spx1q
spx1q
ˇˇˇ
pκpx1q
ˇˇˇ
ď distpφ1, φ2q.
Otherwise, let x2 P X
an be a point where ‖s‖φ2 is attained. Thenˇˇˇ
log
‖s‖φ2
‖s‖φ1
ˇˇˇ
ď
ˇˇˇ
log
ˇˇˇ
spx2q
spx2q
ˇˇˇ
pκpx2q
ˇˇˇ
ď distpφ1, φ2q.
Hence the desired inequality holds. 
Lemma 3.10. Let ‖¨‖ and ‖¨‖1 be two norms on V1pLq, then
distpFSp‖¨‖q,FSp‖¨‖1qq ď distp‖¨‖, ‖¨‖1q.
(see also [BE18, Equation (6.2)])
Proof. For any x P Xan, let epxq P Lanpxqzt0u. Let s, s1 P V1pLq and λ, λ
1 P κˆpxq be
elements such that
spxq “ λ ¨ epxq, ‖epxq‖X|x “ |λ|
´1‖s‖,
s1pxq “ λ1 ¨ epxq, ‖epxq‖X|x “ |λ
1|´1‖s1‖1.
If ‖epxq‖X|x ą ‖epxq‖
1
X|x, one has
distp‖epxq‖X|x, ‖epxq‖
1
X|xq “
ˇˇˇ
log
|λ|´1‖s‖
|λ1|´1‖s1‖1
ˇˇˇ
ď
ˇˇˇ
log
|λ|´1‖s‖
|λ|´1‖s‖1
ˇˇˇ
ď distp‖¨‖, ‖¨‖1q.
Otherwise, one has
distp‖epxq‖X|x, ‖epxq‖
1
X|xq “
ˇˇˇ
log
|λ|´1‖s‖
|λ1|´1‖s1‖1
ˇˇˇ
ď
ˇˇˇ
log
|λ1|´1‖s1‖
|λ1|´1‖s1‖1
ˇˇˇ
ď distp‖¨‖, ‖¨‖1q.
Varying x and taking the supremum, one gets the desired inequality. 
Proposition 3.11. Assume that there exist a norm ‖¨‖1 on V1pLq such that φ is equal
to FSp‖¨‖1q. Then for any n P N, FSp‖¨‖nφq is equal to nφ. ([CMor18, Proposition 3.3])
Proposition 3.12. Assume that φ is an asymptotic Fubini-Study metric on L, then the
envelop metric Pp~¨~φq is equal to φ. (see also [BE18, Theorem 6.15 (iii)])
Proof. By assumption, there exists a familly of norms t‖¨‖nunPN such that uniformly for
x P Xan,
lim
nÑ8
1
n
FSp‖¨‖nqp˚qpxq “ |˚|φpxq,
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so for any ǫ ą 0, there exists N0 P N such that for any n ě N0
distpnφ,FSp‖¨‖nqq ď nǫ,
hence by Lemma 3.9 and 3.10,
distpFSp‖¨‖nφq,FSp‖¨‖FSp‖¨‖nq
qq ď nǫ.
By Proposition 3.11, one has FSp‖¨‖FSp‖¨‖nq
qq “ FSp‖¨‖nq, so
distpFSp‖¨‖nφq,FSp‖¨‖nqq ď nǫ,
and
distp
1
n
FSp‖¨‖nφq,
1
n
FSp‖¨‖nqq ď ǫ.
Taking limit for nÑ 8 and then for ǫÑ 0, one has
distpPp~¨~φ, φq “ 0,
so the two metrics are equal. 
If the ultrametric norm ‖¨‖n admits an orthogonal basis, one can calculate explicitly
the associated Fubini-Study metric FSp‖¨‖nq.
Lemma 3.13. Let pK, |¨|Kq be a complete ultrametric valued field extension of pk, |¨|q.
Then for any trjujPt0,...,du elements in R`, one has
infř
jPt0,...,du κj“1
max
j
!
|κj|K ¨ rj
)
“ min
jPt0,...,du
trju,
where tκjujPt0,...,du are elements in K.
Proof. On the one hand, let j0 P t0, . . . ,du be an index such that rj0 is minimal. By
taking κj “ 0 for j ‰ j0 and κj0 “ 1, one sees that
infř
jPt0,...,du κj“1
max
j
!
|κj |K ¨ rj
)
ď rj0 “ min
jPt0,...,du
trju.
On the other hand, by the ultrametricity of |¨|K , if
ř
j κj “ 1, then there exist at least
one j1 P t0, . . . ,du such that |κj1 | ě 1, so
infř
jPt0,...,du κj“1
max
j
!
|κj |K ¨ rj
)
ě infř
jPt0,...,du κj“1
|κj1 |K ¨ rj1
ě infř
jPt0,...,du κj“1
rj1 “ rj1 ě min
jPt0,...,du
trju.
Hence the two sides are equal. 
Proposition 3.14. Assume that Lbn is globally generated. Let tsn,jujPt0,...,dnu be a basis
of VnpLq. Let ‖¨‖n be a ultrametric norm on VnpLq with respect to which tsn,jujPt0,...,dnu
is orthogonal. Then for any x P Xan and enpxq P L
bnpxqz0,
|enpxq|FSp‖¨‖nq
“ min
jPt0,...,dnu
!ˇˇˇ enpxq
sn,jpxq
ˇˇˇ
pκpxq ¨ ‖sn,j‖n
)
,
with the convention that 0´1 “ `8. (see also [CMor18, Lemma 3.3])
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Proof. For j P t0, . . . ,dnu, let λj P pκpxq be such that sn,jpxq “ λj ¨enpxq. By construction,
|enpxq|FSp‖¨‖nq
“ inf
µjPpκpxq, řµj ¨sn,jpxq“enpxq
››› ÿ
jPt0,...,dnu
µj ¨ sn,j
›››
“ inf
µjPpκpxq, řµj ¨sn,jpxq“enpxqmaxj
!
|µj|pκpxq ¨ ‖sn,j‖
)
“ inf
κjPpκpxq, řκj“1maxj
!
|κj ¨ λ
´1
j |pκpxq ¨ ‖sn,j‖
)
“ inf
κjPpκpxq, řκj“1maxj
!
|κj |pκpxq ¨ |λj|´1pκpxq ¨ ‖sn,j‖
)
“ min
jPt0,...,dnu
!
|λj|
´1pκpxq ¨ ‖sn,j‖n
)
.
The last equality is obtained with Lemma 3.13. 
Corollary 3.15. With the same hypothesis as above, for e_n pxq P pL
bnq_pxqz0, one has
|e_n pxq|FSp‖¨‖nq_
“ max
!
|e_n pxqpsn,jq|pκpxq ¨ ‖sn,j‖´1n
)
.
Proof. It suffices to note that e_n pxqpsn,jq “ λj . 
3.5. Dual unit disc bundle.
Let ~¨~ be an algebra norm on V‚pLq, such that VnpLq are orthogonal subspaces for ~¨~.
We relate the Berkovich spectrum of normed section algebra with the dual unit disc bundle
with respect to the envelop metric.
Proposition 3.16. Let z P pSpecV‚pLqq
an be a point. Let px, e_pxqq P TotpL_q be the
point ppp0q´1qanpzq. Then z P MppV pL,~¨~qq if and only if one of the following criteria
holds
(1) there exist Cpzq ą 0 such that
@s P V‚pLq, |s|z ď Cpzq ¨ ~s~.
(2) there exist Cpzq ą 0 such that
@spxq P V‚pLqpxq, |spxq|z ď Cpzq ¨ ~spxq~X|x.
(3) there exist C 1pzq “ 1 such that
@e1pxq P V1pLqpxq, |e1pxq|z ď ~e1pxq~pX|xq;sp,
where ~¨~pX|xq;sp is the spectral algebra seminorm of ~¨~X|x.
Proof. The criterion 1 unfolds the definition of the fact that z P M. The criterion 2 is
equivalent to the criterion 1, as ~¨~X|x is the quotient algebra norm of ~¨~pκpxq for the
evaluation map evpxq. The criterion 3 is equivalent to the criterion 2: if 2 holds, then
@n P N, |e1pxq|z ď Cpzq
1
n ¨ ~ebn1 pxq~
1
n
X|x,
so 3 holds after a limit process for nÑ 8. Conversely, if 3 holds, then since VnpLqpxq is
spaned by ebn1 pxq over pκpxq, one has
@n P N, |sn|z ď ~snpxq~pX|xq;sp ď ~snpxq~X|x,
so 2 holds by the ultra-metricity of |¨|z and the orthogonality of ~¨~X|x for VnpLq’s. 
Corollary 3.17. With the same notations as above, the algebra seminorm ~¨~pX|xq;sp on
Lpxq is equal to |¨|Pp~¨~qpxq.
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Proof. For any x P Xan and any e1pxq P V1pLqpxq, we have
~e1pxq~pX|xq;sp “ lim
nÑ8
~ebn1 pxq~
1
n
X|x
“ lim
nÑ8
1
n
FSp‖¨‖nqpe1pxqqpxq “ Pp~¨~qpe1pxqqpxq.

Remark 3.18. The resulting algebra seminorm |¨|Pp~¨~qpxq gives rise to a pseudometric
on Lan.
Lemma 3.19. The map pp0qan induces a continuous map of topological spacecs
pp0qan : TotpL_qan Ñ pSpecV‚pLqq
an.
Moreover, it induces a homeomorphism
pp0qan : TotpL_qanzOan Ñ pSpecV‚pLqq
anz0an.
Proof. By Proposition 2.94, the morphism pp0q of schemes of finite type over Speck
induces a continuous map betweeen the topological space of their analytification:
pp0qan : TotpL_qan Ñ pSpecV‚pLqq
an.
Since
pp0q : TotpL_qzOÑ SpecpV‚pLqqz0
is an isomorphism of schemes of finite type, its analytification induces a homeomorphism
by Proposition 2.94
pp0qan : TotpL_qanzOan Ñ pSpecV‚pLqq
anz0an.

Proposition 3.20. The map pp0qan induces a continuous map of topological spacecs
D
_
pL,Pp~¨~q, 0q Ñ pSpecV‚pLqq
an
which induces a homeomorphism between
D
_
pL,Pp~¨~q, 0qzOan Ñ pMppV‚pL,~¨~qqqz0an.
Proof. Starting with the continuous map in Lemma 3.19, we can determine the pre-image
of MppV‚pL,~¨~qq: let z P pSpecV‚pLqqanz0an be a point and px, e_pxqq be its unique pre-
image under pp0qan, where x P Xan and e_pxq P L_pxq. By Lemma 3, if we fix a non-zero
element e1pxq P Lpxq, the point z lies in MppV‚pL,~¨~qq if and only if
|e1pxq|z ď |e1pxq|Pp~¨~qpxq.
This condition is equivalent to
|e_pe1qpxq| ď |e1pxq|Pp~¨~qpxq.
Hence there exists a continuous surjective map
pp0qan : D
_
pL,Pp~¨~q, 0q Ñ pMppV‚pL,~¨~qqq.
If we remove Oan and 0an from the domain and image, the restricted map is indeed a
homeomorphism. 
One can give a precise description of dual unit disc bundle for a Fubini-Study metric
admitting orthogonal basis.
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Proposition 3.21. Let n P N be an integer such that Lbn is globally generated. Let
tsn,jujPt0,...,dnu be a basis of VnpLq. Let ‖¨‖n be a ultrametric norm on VnpLq with respect
to which this basis is orthogonal. Let px, e_1 pxqq P TotpL
_q and z P pSpecV‚pLqq
an be it
image under pp0qan, then px, e_1 pxqq P D
_
pL, 1
n
FSp‖¨‖nqq (resp.D
_pL, 1
n
FSp‖¨‖nqq) if and
only if
@j P t0, . . . ,dnu, |sn,jpzq| ď ‖sn,j‖n presp. ă ‖sn,j‖nq.
In particular, the image of D_pL, 1
n
FSp‖¨‖nqq under pp0q
an is an open subset in pSpecV‚pLqq
an.
Proof. The assertion is clear if e1pxq “ 0. For e1pxq ‰ 0, let enpxq “ e
bn
1 pxq, note that
|e_1 pxq| 1
n
FSp‖¨‖nq
_ “ p|e
_
n pxq|FSp‖¨‖nq_
q
1
n .
By Corollary 3.15, one has
|e_n pxq|FSp‖¨‖nq_
“ max
!
|e_n pxqpsn,jq|pκpxq ¨ ‖sn,j‖´1n
)
so
|e_1 pxq| 1
n
FSp‖¨‖nq
_ “ max
!
|e_n pxqpsn,jq|pκpxq ¨ ‖sn,j‖´1n
) 1
n
.
Tautologically, one has
sn,jpzq “ pe
bn
1 q
_pxqpsn,jq “ e
_
n pxqpsn,jq,
so the criterion holds. By these defining equations, it is easy to see that the image of the
open dual unit disc bundle is an open set. 
Corollary 3.22. Let φ be a continuous metric on L. Then the image of D_pL, φq under
pp0qan is an open subset of pSpecV‚pLqq
an.
Proof. As φ is continuous, D_pL, φqzOan is an open subset of TotpL_qanzOan. By Lemma
3.19, under the map pp0qan, the image of D_pL, φqzOan is an open subset of pSpecV‚pLqq
anz0an,
so it is also an open subset of pSpecV‚pLqq
an. It suffices to treat 0an which is the image
of Oan.
As L is ample, there exist n P N such that Lbn is globally generated. Let tsn,jujPt0,...,dnu
be a basis and let ψ be the Fubini-Study metric associated with some ultrametric norm
‖¨‖n for which this basis is orthogonal. As both
1
n
ψ and φ are continuous and Xan is
compact, there exist α P R such that
@x P Xan,
1
n
ψpαqpxq ď φpxq,
so
pp0qanpD_pL,
1
n
ψpαqqq Ď pp0qanpD_pL, φqq.
the left hand side is an open subset of pSpecV‚pLqq
an by Lemma 3.21. Then
pp0qanpD_pL, φqq “ pp0qanpD_pL, φqzOanq Y pp0qanpD_pL,
1
n
ψpαqqq
is an open set in pSpecV‚pLqq
an. 
Corollary 3.23. If Ppφq is continous, then for any ǫ ą 0, one has
MppV‚pL, φqq Ď InttopV‚ pMppV‚pL, φpǫqqqq,
where InttopV‚ denotes the topological interior as subspace of SpecpV‚pLqq
an.
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Proof. By Proposition 3.20, the left hand sideMppV‚pL, φqq is identified with pp0qanpD_pL, φqq,
which is contained in the open subset pp0qanpD_pL, φpǫqqq. This open subset is contained
in pp0qanpD
_
pL, φpǫqqq which is identified with MppV‚pL, φpǫqqq, hence this open subset is
contained in the topological interior of the later, the right hand side. 
3.6. Comparison of algebra norms.
We compare the quotient algebra norm and the supremum algebra norm on the re-
stricted section algebra, and get directly a (non-uniform) extension theorem.
Proposition 3.24. Let φ be an upper-semicontinuous metric on L. Then
Pp~¨~φq|Y “ Pp~¨~φ,X|Y q.
Proof. By definition, for any y P Y an, one has
Pp~¨~φqpyq “ lim
nÑ8
1
n
FSp‖¨‖nφqpyq,
Pp~¨~φ,X|Y qpyq “ lim
nÑ8
1
n
FSp‖¨‖nφ,X|Y qpyq.
Since the k-linear map VnpLq Ñ VnpLX|Y q is surjective for all large n P N, and ‖¨‖nφ,X|Y
is the quotient norm of ‖¨‖nφ, one has
FSp‖¨‖nφqpyq “ FSp‖¨‖nφ,X|Y qpyq.
Hence the two envelop metrics are equal. 
Lemma 3.25. Let φ be an asymptotic Fubini-Study metric on L. Then φ|Y is an as-
ymptotic Fubini-Study metric on L|Y .
Proof. Suppose that φ is the pointwise limit on Xan of t 1
n
FSp‖¨‖nqu, where t‖¨‖nu are
norms on VnpLq. Then L|Y is the pointwise limit of t
1
n
FSp‖¨‖n,X|Y qu on Y
an. 
Proposition 3.26. Let φ be a asymptotic Fubini-Study metric on L. Consider two
algebra norms ~¨~φ|Y and ~¨~φ,X|Y on V‚pLX|Y q. Then the three metrics are equal
Pp~¨~φ,X|Y q “ Pp~¨~φ|Y q “ φ|Y .
Proof. By Proposition 3.24,
Pp~¨~φ,X|Y q “ Pp~¨~φq|Y “ φ|Y .
It suffices to show the second equality. By Lemma 3.25, φ|Y is an asymptotic Fubini-Study
metric on L|Y . By Proposition 3.12,
Pp~¨~φ|Y q “ φ|Y .

Corollary 3.27. Let φ be a asymptotic Fubini-Study metric on L. Then on V‚pLX|Y q,
the spectral algebra seminorm of ~¨~φ,X|Y is equal to ~¨~φ|Y . There exists a canonical
homeomorphism
MppV‚pLX|Y , φX|Y qq »MppV‚pLX|Y , φ|Y qq.
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Proof. By Theorem 2.33, one has a homeomorphism
MppV‚pLX|Y ,~¨~φ,X|Y ;spqq »MppV‚pLX|Y ,~¨~φ,X|Y qq “MppV‚pLX|Y , φX|Y qq,
by Proposition 3.26, one has
MppV‚pLX|Y ,~¨~φ,X|Y ;spqq »MppV‚pLX|Y ,~¨~φ|Y qq “MppV‚pLX|Y , φ|Y qq.
By Proposition 2.30, the two power-multiplicative algebra seminorms ~¨~φ|Y and ~¨~φ,X|Y ;sp
on V‚pLX|Y q are equal since they are both supremum norms on the same spectrum. 
Theorem 3.28. Let φ be an asymptotic Fubini-Study metric on L, then for any ǫ ą 0,
and any t1 P V1pL|Y q, there exists nY P N such that for any n ě nY , there exists sn P VnpLq
with sn|Y “ t
bn
1 and
‖sn‖nφ ď e
nǫ ¨ p‖t1‖φ|Y q
n.
Proof. For any M ď m ď 2M ´ 1, we have tbm1 P VmpLX|Y q. By Corollary 3.27, for any
ǫ ą 0, there exists Nm P N such that for l ě Nm,
~tbml1 ~
1
l
φ,X|Y
{~tbm1 ~φ|Y ď ǫ.
It is easy to see that there exists nY P N such that the set of integers
tml : l ě Nm,M ď m ď 2M ´ 1u
contains a subset of form N ´ t0, . . . ,nY ´ 1u: the case M “ 1 is clear; if M ě 2, the
fact that M and M ` 1 are coprime guarantees the existence of nY . Note that ~¨~φ|Y is
power-multiplicative, so for any n ě nY , there exists sn P VnpLq with sn|Y “ t
bn
1 such
that
‖sn‖nφ ď e
nǫ ¨ ‖tbn1 ‖nφ|Y “ e
nǫ ¨ p‖t1‖φ|Y q
n.

Remark 3.29. This result is first obtained in [CMor18], by using approximation of φ by
model metrics. Here we give another proof. Note that a slight unsatisfactory point of this
version of metric extension theorem is that the degree nY depends a priori on the choice
of initial data, the restricted section t1. We will remove this dependence in the following
sections.
4. Geometric approximation
Recall that we shall compare two algebra norms ~¨~φ,X|Y and ~¨~φ|Y on the restricted
section algebra V‚pLX|Y q, where
V‚pLX|Y q “
à
nPN
ImpVnpLq
|Y
ÝÑ VnpL|Y qq,
the second being the spectral algebra norm of the first by Proposition 3.27. Some inter-
mediate Banach algebra (with a uniform algebra norm) W is needed in the comparison.
For any ǫ ą 0, we begin approximating MppV‚pLX|Y , φX|Y qq by a special domain Wǫ, in
order to construct a homomorphism of Banach algebras from pV‚pLX|Y , φX|Y q to Wǫ, the
structural Banach algebra of Wǫ, by a localization technique of holomorphic functional
analysis. Now ~¨~φ,X|Y is bounded from above by ~¨~Wǫ thanks to the continuity. Then
we manage to includeWǫ into MppV‚pLX|Y , φ|Y pǫqqq, so that ~¨~Wǫ is bounded by ~¨~φ|Y pǫq
from above, as they are both supremum norms on the corresponding domains.
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4.1. Localization of spectrum by affinoid domain covering.
For any ǫ ą 0, one can identifyMppV‚pLX|Y , φ|Y pǫqqq withMppV‚pLX|Y , φpǫqX|Y qq by Corol-
lary 3.27. Via this identification, one has
MppV‚pLX|Y , φX|Y qq ĎMppV‚pLX|Y , φ|Y pǫqqq.
By Corollary 3.6, they can be both identified with closed subsets inMppV‚pLX|Y , φpǫqaffX|Y qq,
which itself can be identified with a closed subset in SpecpV‚pLX|Y qq
an. We shall work in
this fixed affinoid domain. We use notations InttopM and Int
top
V‚
to distinguish the topological
interior in MppV‚pLX|Y , φpǫqaffX|Y qq and in SpecpV‚pLX|Y qqan.
Lemma 4.1. Assume that φ|Y is asymptotic Fubini-Study. For any ǫ ą 0,MppV‚pLX|Y , φX|Y qq
is contained in InttopM pMp
pV‚pLX|Y , φ|Y pǫqqqq.
Proof. By Proposition 3.26, Pp~¨~φ|Y q is equal to φ|Y , so it is continuous. Hence for any
ǫ ą 0, by Proposition 3.23, one has
MppV‚pLX|Y , φX|Y qq “MppV‚pLX|Y , φ|Y qq Ď InttopV‚ pMppV‚pLX|Y , φ|Y pǫqqqq.
By Proposition 2.88, the topology on MppV‚pLX|Y , φpǫqaffX|Y qq coincides the induced topol-
ogy from SpecpV‚pL|Y qq
an, hence the set InttopV‚ pMp
pV‚pLX|Y , φ|Y pǫqqqq which is open in
SpecpV‚pL|Y qq
an is also open in MppV‚pLX|Y , φpǫqaffX|Y qq. Therefore this set is contained in
InttopM pMp
pV‚pLX|Y , φ|Y pǫqqqq. 
Proposition 4.2. Assume that φ|Y is asymptotic Fubini-Study. For any ǫ ą 0, there
exist a special domain Wǫ such that
MppV‚pLX|Y , φX|Y qq ĎWǫ ĎMppV‚pLX|Y , φ|Y pǫqqq.
Proof. By Corollary 2.64, every point in MppV‚pLX|Y , φpǫqaffX|Y qq has a neighbourhood sys-
tem consisting of affinoid domains. Hence for any z P MppV‚pLX|Y , φX|Y qq, there exists
an affinoid domain neighbourhood V pzq. By Lemma 4.1, z has an open neighbourhood
InttopM pMp
pV‚pLX|Y , φ|Y pǫqqqq, so we can assume that each V pzq is contained in this open
set.
One forms a covering by open sets
MppV‚pLX|Y , φX|Y qq Ď ď
zPMppV‚pLX|Y ,φX|Y qq
InttopM V pzq.
Since the left hand side is a compact set by Proposition 2.21, there exist finitely many
points tz1, . . . , zmu such that tInt
top
M V pziquiPt1,...,mu form a covering ofMp
pV‚pLX|Y , φX|Y qq.
Let Wǫ be the union of affinoid domains tV pziquiPt1,...,mu, then it is a special domain, and
satisfies the desired inclusion conditions. 
Remark 4.3. One denotes by Wǫ the Banach k-algebra of ΓpWǫ,OWǫq equipped with
supremum norm ~¨~Wǫ (see Definition 2.70).
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Geometric approximation
MppV‚pLX|Y , φX|Y qq ĎWǫ ĎMppV‚pLX|Y , φ|Y pǫqqq ĎMppV‚pLX|Y , φX|Y pǫqaffq
4.2. Localization of Banach algebra homomorphism.
For any ǫ ą 0, by Theorem 4.2 for ǫ{2, there exist a special domain Wǫ{2 such that
MppV‚pLX|Y , φX|Y qq ĎWǫ{2 ĎMppV‚pLX|Y , φ|Y pǫ{2qqq.
Proposition 4.4. For any ǫ ą 0, there exist a homomorphism of Banach k-algebras
θpǫ{2qWǫ{2 :Wǫ{2 Ñ
pV‚pLX|Y , φX|Y q
which extends the identity map on the dense sub-k-algebra V‚pLX|Y q.
Proof. By Proposition 3.5, there are homomorphisms of Banach algebras induced by the
identity map on the dense V‚pLX|Y q:pV‚pLX|Y , φpǫ{2qaffX|Y q ÝÝÝÝÝÑ
σpǫ{2q|Y
pV‚pLX|Y , φpǫ{2qX|Y q ÝÝÝÑ
ιpǫ{2q
pV‚pLX|Y , φX|Y q.
Let τpǫ{2q denote the composed homomorphism of Banach k-algebras. It is a homomor-
phism from an affinoid algebra to a Banach algebra. It has dense image, so by Proposition
2.27 the induced continuous map
τpǫ{2q˚ : MppV‚pLX|Y , φX|Y qq ÑMppV‚pLX|Y , φpǫ{2qaffX|Y qq
is injective and is closed. As both spaces are compact and Hausdorff, this map is a
homeomorphism from its domain to its image. So the homomorphism spectrum Στpǫ{2q is
homeomorphic to MppV‚pLX|Y , φX|Y qq, and is contained in Wǫ{2.
One performs spectral calculus for the homomorphism τpǫ{2q and the special domain
Wǫ{2: by Theorem 2.81, there exist a homomorphism of Banach k-algebras
θpǫ{2qWǫ{2 :Wǫ{2 Ñ
pV‚pLX|Y , φX|Y q
which extends the identity map on the dense sub-k-algebra V‚pLX|Y q. 
Theorem 4.5. Let φ be an asymptotic Fubini-Study metric on L. Then for any ǫ ą 0,
there exists nY P N such that for any n ě nY and any tn P VnpL|Y q, there exits sn P VnpLq
such that sn|Y “ tn and
‖sn‖nφ ď e
nǫ ¨ ‖tn‖nφ|Y .
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Proof. Start from the homomorphism θpǫ{2qWǫ{2 constructed in Proposition 4.4. The
boundedness (continuity) of this homomorphism of Banach k-algebras implies that there
exists Cǫ ą 0 such that
@t P V‚pLX|Y q, ~t~φ,X|Y ď Cǫ ¨ ~t~Wǫ{2 “ Cǫ ¨ sup
zPWǫ{2¨
|t|z.
By Proposition 3.26, one has a canonical homeomorphism
MppV‚pLX|Y , φpǫ{2qX|Y qq »MppV‚pLX|Y , φ|Y pǫ{2qqq
from which one deduces
Wǫ{2 ĎMppV‚pLX|Y , φ|Y pǫ{2qqq.
Remember that since ~¨~φ|Y pǫ{2q is power-mutliplicative, by Theorem 2.30, it is the supre-
mum norm on MppV‚pLX|Y , φ|Y pǫ{2qqq. Hence by comparing supremum norms on these
two closed sets, we get
@t P V‚pLX|Y q, ~t~Wǫ{2 ď ~t~φ|Y pǫ{2q,
therefore for any tn P VnpLX|Y q, one has
‖tn‖nφ,X|Y “ ~tn~φ,X|Y
ď Cǫ ¨ ~tn~Wǫ{2
ď Cǫ ¨ ~tn~φ|Y pǫ{2q “ Cǫ ¨ e
nǫ{2 ¨ ‖tn‖nφ|Y .
Let nY be the integer maxtrlogpCǫq{pǫ{2qs,Mu, then for any n ě nY and any tn P VnpL|Y q,
there exists sn P VnpLq such that
‖sn‖nφ ď e
nǫ ¨ ‖tn‖nφ|Y .

5. Algebraic approximation
In this section, we approximate the Banach algebra norm ~¨~φX|Y by affinoid norms.
This algebraic approximation exploits subtle consequences of existence of a ultra-metric
orthogonal basis in pVnpLq, ‖¨‖nφq for some n P N.
In this section pk, |¨|q is assumed to be discretely valued. With this assumption, re-
call that d ` 1 classes of real numbers tαpp0q, . . . , αppdqu in R{Hpk, |¨|q are said to be
Q-independent if there exists no pa0, . . . , adq P Q
d`1 and no p P Hpk, |¨|q such thatř
iPt0,...,du ai ¨pi “ p. Recall that thanks to the discreteness of |¨|, by Proposition 2.15, any
finite dimensional ultrametric normed k-vector space has an orthogonal basis.
5.1. Algebra norm induced by Fubini-Study metric.
5.1.1. Case for pPd,Op1qq.
Let φ be a metric on Op1q, one studies the algebra norm ~¨~φ on V‚pOp1qq. One
would like to show that with various assumptions, it is a Gauss algebra norm, namely
the standard affinoid algebra norm on the polynomial algebra. Then the normed section
algebra pV‚pOp1qq,~¨~φq will be a Tate affinoid algebra. (see Definition 2.38)
By Proposition 2.15, there exist an orthogonal basis tTiuiPt0,...,du for the normed vector
space pV1pOp1qq, ‖¨‖φq. For any i P t0, . . . ,du, one denotes by ri the value ‖Ti‖φ, and by
r P pR`q
d`1 the multi-radius pr0, . . . , rdq. One fixes such an orthogonal basis, and identify
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the graded k-algebra V‚pOp1qq with krT0, . . . , Tds. For any multi-index J “ pj0, . . . , jdq P
Nd`1, one denotes by T J the monomial element
ś
iPt0,...,dupTiq
ji P V|J |pOp1qq.
Note that in general, the sub-spaces VnpOp1qq are orthogonal with respect to ~¨~φ for
different n P N, while a Gauss algebra norm exhibits a much finer orthogonality: the
sub-spaces generated by each mononial T J should be orthogonal for different J P Nd`1.
First, on monomial elements, the algebra norm ~¨~φ resembles a Gauss norm.
Proposition 5.1. For any J P Nd`1, one has
‖T J‖|J |φ “
ź
iPt0,...,du
‖Ti‖
ji
φ .
Proof. Take a complete non-Archimedean valued field extension pK, |¨|Kq of pk, |¨|kq such
that
@i P t0, . . . ,du, triuiPt0,...,du Ď |k
ˆ|K ,
hence for any i P t0, . . . ,du, there exist elements κi P K such that |κi|K “ ri. One denotes
by xprq P pPdkq
an the point given by coordinates rκ0 : ¨ ¨ ¨ : κds.
Claim 5.2. For any i P t0, . . . ,du, one has
‖Ti‖φ “ ri “ |Ti|φpxprqq.
In other words, the maximum of the function |Ti|φpxq on pP
d
kq
an is ri, and the maximum
values of these d` 1 functions can be attained at the same point xprq.
Proof. By the orthogonality of the basis tTiuiPt0,...,du, we can compute
|Ti|φpxprqq “ inf
p
ř
mPt0,...,du fm¨Tmqpxprqq“pTiqpxprqq
pf0,...,fdqPk
d`1
∥
∥
∥
ÿ
mPt0,...,du
fm ¨ Tm
∥
∥
∥
φ
“ infř
mPt0,...,du fmκm“κi
max
mPt0,...,du
!
‖fm ¨ Tm‖φ
)
“ infř
mPt0,...,du fmκm“κi
max
mPt0,...,du
!
|fm||κm|
)
“ infř
mPt0,...,du fmpκm{κiq“1
max
mPt0,...,du
!
|fm||κm{κi| ¨ |κi|
)
“ |κi| “ ri.
The last equality is obtained by Lemma 3.13. 
By this Claim, for any multi-index J , the function |T J |φpxq can attain its maximum
value
ś
iPt0,...,du r
ji
i at the point xprq P pP
d
kq
an as the product of maximum of factors of
the monomial. By definition,
‖T J‖|J |φ “ sup
xPpPdqan
|T J |φpxq “
ź
iPt0,...,du
r
ji
i “
ź
iPt0,...,du
‖Ti‖
ji
φ .

Second, one calculates the algebra norm ~¨~φ on any (homogeneous) combination of
monomials. For a general metric, one needs a Q-independence assumption to gain finer
orthogonality.
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Proposition 5.3. Assume that tαp‖Ti‖φquiPt0,...,du are Q-independent in R{Hpk, |¨|q. Let
S Ď Nd`1 be a finite set of multi-indices, then for any J P S any fJ P k, one has ÿ
JPS
fJ ¨ T
J
 “ sup
JPS
‖fJ ¨ T
J‖|J |φ.
In other words, the algebra norm ~¨~φ on V‚pOp1qq is a Gauss norm on krT0, . . . , Tds of
multi-radius r. The Banach k-algebra pV‚pOp1q, φq is an affinoid algebra.
Proof. By the Q-independence assumption and Proposition 5.1, for any two distinct multi-
index J and J 1, and any two non-zero coefficients fJ and fJ 1 in k, we have
‖fJ ¨ T
J‖|J |φ “ |fJ | ¨
ź
iPt0,...,du
r
ji
i ‰ |fJ 1 | ¨
ź
iPt0,...,du
r
j1i
i “ ‖fJ 1 ¨ T
J 1‖|J 1|φ.
By Lemma 2.13, the elements tT JuJPS form an orthogonal basis for the normed vector
space p
À
JPS k ¨T
J ,~¨~φq. So the equality in the conclusion holds. 
Corollary 5.4. With the same assumptions as above, the envelop metric Ppφq is a
Fubini-Study metric induced by ‖¨‖φ, and is continuous.
For a Fubini-Study metric, one does not need the Q-independence. For any δ “
pδ0, . . . , δdq P R
d`1, one constructs a perturbed metric φpδq as follows. Let ‖¨‖φpδq be
the norm on V1pOp1qq such that tTiuiPt1,...,du is an orthogonal basis with new norms
@i P t0, . . . ,du, ‖Ti‖φpδq “ e
δi‖Ti‖φ.
Let φpδq be the metric FSp‖¨‖φpδqq on Op1q. Let |δ| denote the number maxiPt0,...,du|δi| P
R`.
Lemma 5.5. Assume that φ is a Fubini-Study metric. For any ǫ ą 0, there exists
δ P Rd`1 with |δ | ď ǫ such that
@n P N, distp‖¨‖nφ, ‖¨‖nφpδqq ď nǫ.
Proof. Choose an arbitrary δ with |δ | ď ǫ. Then
distp‖¨‖φ, ‖¨‖φpδqq ď ǫ.
By Proposition 3.12, we have
distpFSp‖¨‖φq,FSp‖¨‖φpδqqq “ distpFSp‖¨‖φq, φpδqq ď ǫ,
by the assumption and Proposition 3.11,
FSp‖¨‖φq “ φ,
so the conlusion holds. 
Proposition 5.6. Assume that φ is a Fubini-Study metric. The conclusion of Proposition
5.3 holds without the assumption of Q-independence of tαp‖Ti‖1quiPt0,...,du.
Proof. Since |¨|k is discrete, for any ǫ ą 0, there exists δ with |δ | ď ǫ such that the elements
tαp‖Ti‖φpδqquiPt0,...,du are Q-independent in R{Hpk, |¨|q. By Proposition 5.5, for any n P N
and any sn “
ř
|J |“n fJ ¨T
J P VnpOp1qq,
e´nǫ
∥
∥
∥
ÿ
|J |“n
fJ ¨T
J
∥
∥
∥
nφpδq
ď
∥
∥
∥
ÿ
|J |“n
fJ ¨ T
J
∥
∥
∥
nφ
ď enǫ
∥
∥
∥
ÿ
|J |“n
fJ ¨ T
J
∥
∥
∥
nφpδq
.
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By Proposition 5.3, one has
max
|J |“n
!
e´nǫ|fJ |
ź
iPt0,...,du
peδiriq
ji
)
ď
∥
∥
∥
ÿ
|J |“n
fJ ¨ T
J
∥
∥
∥
nφ
ď max
|J |“n
!
enǫ|fJ |
ź
iPt0,...,du
peδiriq
ji
)
.
Fix n and let ǫÑ 0, one gets
∥
∥
∥
ÿ
|J |“n
fJ ¨ T
J
∥
∥
∥
nφ
“ max
|J |“n
!
|fJ |
ź
iPt0,...,du
r
ji
i
)
.
So one has ÿ
|J |ă8
fJ ¨ T
J

nφ
“ sup
nPN
max
|J |“n
!
|fJ |
ź
iPt0,...,du
r
ji
i
)
“ max
|J |ă8
!
|fJ |
ź
iPt0,...,du
r
ji
i
)
.
Hence ~¨~φ is a Gauss norm of multi-radius r on V‚pOp1qq. 
5.1.2. Case for general pX,Lq.
Proposition 5.7. Assume that φ is a Fubini-Study metric. If L is very ample, thenpV‚pL, φq, pV pLX|Y , φX|Y q and pV‚pL|Y , φ|Y q are affinoid algebras.
Proof. By the assumption, the elements of V1pLq induces an embedding
ι1 : X Ñ P
d1
k
such that ι˚1Op1q “ L with dimkV1 “ d1 ` 1. Moreover there exists a norm ‖¨‖1 on V1pLq
such that φ “ FSp‖¨‖1q. View ‖¨‖1 as a norm on V1pOp1qq, we get a metric ψ “ FSp‖¨‖1q
on Op1q. By construction ψ|X “ φ.
By Proposition 5.6, the Banach algebra pV‚pOp1q,~¨~ψq is an affinoid algebra. Hence
the quotient Banach algebra pV‚pL,~¨~ψ,Pd1 |Xq is an affinoid algebra.
By Proposition 3.27, the algebra norm ~¨~φ is the spectral norm of ~¨~ψ,Pd1 |X . The
later is an affinoid norm, hence is equivalent to its spectral norm by Proposition 2.58. So
~¨~φ is also an affinoid algebra norm. Thus pV‚pL, φq is an affinoid algebra.
Similarly, by Proposition 3.27, on V‚pLX|Y q, the algebra norm ~¨~φ|Y is the spectral
norm of ~¨~φ,X|Y , hence is itself an affinoid algebra norm. 
Corollary 5.8. Assume that φ is a Fubini-Study metric. If L is just ample, then pV‚pL, φq,pV pLX|Y , φX|Y q and pV‚pL|Y , φ|Y q are affinoid algebras.
Proof. By assumption, LbM is very ample. So pV pMq‚ pL, φq, pV pMq‚ pLX|Y , φX|Y q and pV pMq‚ pL|Y , φ|Y q
are affinoid algebras. Since V‚pLq is integral and is finite over V
pMq
‚ pLq, by Proposition
2.45, the Banach algebras pV‚pL, φq, pV pLX|Y , φX|Y q and pV‚pL|Y , φ|Y q are Banach finite overpV pMq‚ pL, φq, pV pMq‚ pLX|Y , φX|Y q and pV pMq‚ pL|Y , φ|Y q respectively. Hence they are affinoid
algebras. 
Proposition 5.9. Assume that φ is a Fubini-Study metric. Then there exist Cpφ, Y q ą 0
such that for any t P V‚pLX|Y q, there exists s P V‚pLq with
~s~φ ď Cpφ, Y,Xq ¨ ~t~φ|Y .
In particular, for any n P N and tn P V‚pLX|Y q, there exists sn P V‚pLq with
‖sn‖nφ ď Cpφ, Y,Xq ¨ ‖tn‖nφ|Y .
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Proof. By Corollary 5.8, the Banach algebra norm ~¨~φX|Y is an affinoid algebra norm.
By Proposition 2.58, there exists Cpφ, Y q ą 0 such that
~¨~φX|Y ď Cpφ, Y,Xq ¨ ~¨~φX|Y ;sp.
Since ~¨~φX|Y ;sp “ ~¨~φ|Y by Corollary 3.27, one gets the bounds. 
Remark 5.10. With the metric finiteness properties of affinoid algebra norm, here the
upper bound for metric extension of a Fubini-Study metric is much better than what was
expected, compared to (3) or even to (2), for its (in)depence on n P N. This independence
suggest that it would be reasonable to compare this affinoid algebra technique in this
non-Archimedean setting with the use of Ohsawa-Takegoshi L2 extension technique in
the complex analytic setting.
5.2. Algebra norm induced by asymptotic Fubini-Study metric.
With the extra assumption of discreteness for the base valued field, one can give another
proof of Theorem 4.5.
Theorem 5.11. Suppose that pk, |¨|q is discretely valued. Let φ be an asymptotic Fubini-
Study metric on L. Then for any ǫ ą 0, there exists nY P N such that for any n ě nY
and any tn P VnpL|Y q, there exits sn P VnpLq such that sn|Y “ tn and
‖sn‖nφ ď e
nǫ ¨ ‖tn‖nφ|Y .
Proof. Recall that one can find M P N such that LbM is very ample and for any n ěM ,
the restriction map from VnpLq to VnpL|Y q is surjective.
By the asymptotic Fubini-Study assumption, there exist norms t‖¨‖nunPN on VnpLq
such that φ is given by Ppt‖¨‖nunPNq. Let ψn denote the metric
1
n
FSp‖¨‖qn on L. By the
continuity assumption, the convergence to envelop metric is uniform (see §3.1 12.). So
for any ǫ ą 0, there exists M 1 ěM such that
distpψM 1 , φq ď
1
3
ǫ,
hence for any n P N, one has
distp‖¨‖nψM 1
, ‖¨‖nφq ď
1
3
nǫ, distp‖¨‖nψM 1 ,X|Y
, ‖¨‖nφ,X|Y q ď
1
3
nǫ.
By Corollary 5.8, the Banach algebra pV‚pLX|Y , pψM 1qX|Y q is an affinoid algebra. By
Proposition 5.9, there exists CM 1pX,Y, φq ą 0 such that
@t P V‚pLX|Y q, ~t~ψM 1 ,X|Y ď CM 1 ¨ ~t~ψM 1 ,X|Y ;sp “ ~t~ψM 1 ,Y .
Combining this comparison with above estimates, one has that for every n ě nY :“
rlnpCM 1q{pǫ{3qs
‖tn‖nφ,X|Y ď e
1
3
nǫ ¨ ‖tn‖nψM 1 ,X|Y
ď e
1
3
nǫ ¨ CM 1 ¨ ‖tn‖nψM 1 |Y
ď e
2
3
nǫ ¨ CM 1 ¨ ‖tn‖nφ|Y
ď enǫ ¨ ‖tn‖nφ|Y .
Hence there exists sn P VnpLq with ‖sn‖nφ ď e
nǫ ¨ ‖tn‖nφ|Y . 
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